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Preface 



The purpose of this book is to provide the wider synchrotron radiation commu- 
nity with a comprehensive study of all aspects of insertion devices. Scientists 
and engineers who use synchrotron radiation to perform experiments should find 
the answers to all of their questions relating to the production and properties of 
the light from all of the key types of undulators and wigglers as well as answers 
to more practical questions regarding the realization of actual devices. However, 
this book is aimed at not just the users but also the providers of synchrotron 
radiation and so although it takes the reader step by step through the funda- 
mental issues it should be of sufficient depth so as to be of interest to light source 
designers, accelerator physicists, and even insertion device specialists. The ap- 
proach taken is to provide the reader with all of the essential information and to 
back this up with practical examples and illustrations wherever possible. 

The layout of the book is in two main parts; the ‘science’ of the radiation 
properties and the ‘technology’ of the magnetic design. First, synchrotron ra- 
diation basics are covered, including the emission from bending magnets, and 
then there is a detailed study of the output from wigglers and then undulators. 
The radiation emission in terms of flux, brightness, angular distribution, power 
levels, polarization properties, and so on are all covered. Also described are the 
practical details of how to actually compute the properties, including several 
examples. 

Next, the magnetic design of undulators and wigglers is described, explain- 
ing how these periodic fields are generated in practice. The possible magnet 
technologies; permanent magnet, normal conducting and superconducting elec- 
tromagnets, are all discussed from a practical point of view with the advantages 
and disadvantages of each being highlighted. Following this is an explanation of 
how and why magnet measurements are performed, and also a discussion of the 
possible methods that can be used to improve the magnetic quality of the final 
device produced by using sophisticated sorting and shimming techniques. 

In the final chapters a few specialized stand-alone topics are covered. First, 
the special requirements of undulators for free electron lasers are discussed. Then 
the effect these periodic magnets have on the electron beam quality, especially 
in storage rings, is analysed and finally the last chapter looks at some of the 
more exotic examples that have been produced and also looks to the future to 
see what new devices may become available in the years to come. 
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Introduction 

More than fifty years ago a bluish-white light was observed through the glass vac- 
uum chamber of a 70 MeV electron synchrotron at the General Electric Company 
Research Laboratory in Schenectady, New York State. The light, which was seen 
to change to a red colour at lower electron energies, was found to agree with 
theoretical predictions that had been made years earlier regarding relativistic 
electrons and, has since become known as Synchrotron Radiation (SR). This 
radiation was at first considered a curiosity but soon became an irritation as 
the energy loss associated with it limited the maximum energies that could be 
reached by electron accelerators. It was not until several years later that scientists 
considered using this radiation parasitically to perform experiments in solid-state 
spectroscopy and then later in atomic physics, surface physics, microscopy, and 
so on. 

Interest in SR as a research tool quickly spread around the world. Initially, 
radiation produced by the electrons as they travelled through the bending mag- 
nets was the primary source used, but within a short time of dedicated electron 
storage ring facilities coming on stream a new type of photon source started to 
be installed. Special magnets were built and inserted into the available straight 
sections of the accelerators, these Insertion Devices produced unprecedented lev- 
els of flux in narrow angular cones and were soon regarded as the premier light 
sources in the world over the UV to X-ray region. 

Insertion Devices (IDs) have become so important now that complete syn- 
chrotron radiation facilities are designed and built around them. These IDs fall 
into two main categories, Undulators and Wigglers. The undulator is a device 
that causes the electron beam to follow a gentle, periodic, undulating trajectory 
with the consequence that the radiation wavefronts emitted overlap with each 
other and so interference effects occur. At some wavelengths the interference is 
constructive and significant enhancement in the intensity is observed, while at 
others the interference is destructive and consequently there are dark regions in 
the spectrum. The wiggler has a stronger effect upon the electron beam trajec- 
tory, causing it to wiggle from side to side by a greater amount. This prevents 
the wavefronts from overlapping and so no interference effects are apparent. The 
advantage of this type of ID over a bending magnet source is that each wiggle 
produces the same number of photons as a bending magnet and so if tens of 
wiggles are produced in a straight section then the observer will see an intensity 
enhancement of the same order. 
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1.1 The Early History of Synchrotron Radiation 

The foundations of SR stretch back to the late nineteenth century when Maxwell 
put forward his ideas on electromagnetic radiation. Following this, Lienard, 
in 1898 before relativity was established, derived the radiation due to moving 
charges and in fact calculated the energy loss of an electron moving on a circu- 
lar path. This result still stands today, even for our highly relativistic electrons, 
since radiated power is a Lorentz invariant. Lienard’s results were confirmed by 
Schott in 1908 who also derived the angular distribution of the radiation, the 
polarization characteristics, and the spectrum itself. At this time it was not pos- 
sible to generate electrons of high enough energies for these ideas to be tested 
and so there was a period during which little of significance occurred. 

It was in 1940 that a betatron was first operated with an electron energy 
of 2.3 MeV. The following year 20 MeV electrons were produced and in 1945, 
100 MeV was achieved. At this energy, it was realized by Blewett that electro- 
magnetic radiation should be emitted by the electrons. Unfortunately he tried 
to detect it at very long wavelengths as he was unaware of the relativistic effects 
that shifted the emitted spectrum to shorter, infrared, and visible wavelengths. 
He was doubly unlucky since the glass vacuum chamber was opaque and so no 
SR was observed accidentally either. Without these quirks of fate we would prob- 
ably be discussing ‘Betatron Radiation’ instead! Despite no direct observation 
of SR being made at this time, Blewett was able to indirectly observe the effect 
of the energy loss in the electrons due to the radiation [1], although this was not 
universally accepted within the team as the definite cause [2]. 

The synchrotron was invented in 1945 and by 1947 a 70 MeV version was 
in operation. This time the chamber was transparent and visible light was soon 
detected [3]. Fears that this light was caused by sparking within the chamber 
were soon allayed by showing that it was linearly polarized, as predicted for this 
type of emission [4] . 

During this time Schwinger was carrying out theoretical predictions on the 
radiation and advising the General Electric team on its properties. He published 
a brief report in 1946 [5], but he is best remembered in this area for his 1949 
paper [6] which confirmed much of the work that Schott had carried out years 
earlier. However, Schwinger made an important breakthrough by simplifying 
the obscure SR equations to a series of Bessel functions that were available 
numerically in published tables. From this point on, quantified calculations of 
SR emission became far more easier to be carried out. 

Remarkably, it was only two years after this that Motz proposed the ‘undu- 
lator’ as a source of quasi-monochromatic SR [7]. Shortly afterwards, in 1953, he 
made an experimental demonstration of the first undulator, producing radiation 
in both visible and millimetre wavelengths [8]. 

In parallel with the work taking place in the United States, there were a 
number of interested researchers in the Soviet Union carrying out similar studies. 
These workers were deriving similar theoretical results independently of those 
in the West [9]. This interest continued and much of the early experimental 
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measurements as well as the first complete theoretical description of the radiation 
properties of undulator radiation took place in the Soviet Union in the 1970s [10]. 

1.2 Overview of Undulators and Wigglers 

Synchrotron radiation is a relativistic effect for which many of the features can be 
understood in terms of two basic processes — Lorentz contraction and relativistic 
Doppler shift. First, in the Lorentz contraction, a rod of length, L , travelling with 
constant velocity, v, towards a stationary observer appears to the observer to be 
of length 

LJl-v 2 /c 2 = - , 

7 

where c is the speed of light and 7 is known as the relativistic Lorentz factor. 
So, in the frame of reference where the electron is at rest it appears as if the 
magnetic fields of the undulator are rushing towards it at high speed. If, in the 
laboratory, we see the period of the magnetic fields of the undulator as \ u , then 
the electron sees it as Xu/'Y and so emits radiation with this wavelength. 

Second, the relativistic Doppler effect is just a modification of the effect which 
causes sound waves, for example, to change frequency depending on the relative 
velocity of the source to the listener. In the relativistic version, the frequency of 
light seen by an observer at rest, /, is [ 11 ] 

/ = 7/'(l -/? cos 6’) , 

where f is the frequency emitted by the moving source, 9' is the angle at which 
the source emits the light, and (3 = v/c. When the source is travelling towards 
the observer, 9' = n , and so 



/ = 7/ , (l + 0) 



or, in terms of wavelength, 

* A ' 

7(1 + (3) 27 

assuming a relativistic source for which (3 ~ 1. 

Combining these two effects then gives us an electron, which emits light of 
wavelength Xu/'y and since it is travelling towards us we see this wavelength 
further reduced by 2 7 . So, the wavelengths observed will be of the order of 
A u / 27 2 . In modern storage rings, which have energies of a few GeV and therefore 
7 values of several thousands we can see that undulators with magnet periods of a 
few centimetres will typically produce radiation with wavelengths of nanometres. 

In the moving reference frame of the electron, the electron is oscillating with 
simple harmonic motion and so emitting in the familiar dipole pattern (see Fig. 
1.1) that has a sin 2 9' distribution [12]. However, a second consequence of the 
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Electron 

acceleration 




Fig. 1.1. Sketch of the electric dipole field pattern emitted by an oscillating 
non-relativistic electron. 



relativistic Doppler effect is that the angle with which the observer views the 
source, 9, will also be affected such that [11] 

f sin O' 

tan 9 = ~7 a ■ 

7 (cos O' — p) 

Therefore, the point at which the electric dipole has zero amplitude (ff = n) 
appears at the angle 9 ~ l/y when (3 ~ 1. Again, since 7 is of the order of 
thousands, typically, the radiation is seen by the observer to be emitted into 
a very narrow cone (less than a milliradian). Also, the peak of the emission 
is orthogonal to the direction of the electron’s acceleration and so the cone is 
emitted tangential to the (instantaneous) circular path of the electron. A sketch 
of the radiation emitted by electrons in bending magnets and IDs is given in Fig. 
1.2. A consequence of the undulator being an interference device is that the cone 
of radiation is even narrower by a factor y/N, where N is the number of periods 
in the device. Similar effects are observed in other interference devices, such as 
diffraction gratings, for instance. 

If we consider the electron trajectory inside of a bending magnet, as seen by 
an observer, it is possible to deduce the general form of the spectrum observed. 
The observer looks at a tangent to the circular path (of radius p) and only 
radiation that is emitted over a short arc of the path can reach him (Fig. 1.3). In 
particular, given that the radiation is emitted into a cone of angle ± ~ I/ 7 , it is 
only over this angular range that the observer experiences any electric field. From 
simple geometrical arguments we can say that the electric field pulse experienced 
will have a duration, At, given by the difference in time it takes the electron to 
travel from A to B around the arc and the light along the chord. 
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Electron 

trajectory 



(b) 




Fig. 1.2. Sketch of the three main types of SR sources, (a) a bending magnet, 
(b) a multipole wiggler, and (c) an undulator. 



. 2 p 2p. 

At = — sin I/7 

i>7 C7 



2 p 

7 



^ (1 -« 



c 7 ^ 



Fourier analysis shows that the pulse contains harmonics of the circular orbit 
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Fig. 1.4. Illustration of the SR spectrum from bending magnets, multipole wig- 
glers, and undulators (on a log-log scale). 



frequency up to ~ C7 3 / p. Again, in a typical storage ring, this represents fre- 
quencies of ~ 10 18 Hz or wavelengths of ~ 0.1 nm. In practice the harmonics 
smear together to form a continuous spectrum. The general form of the radiation 
spectrum for bending magnets, multipole wigglers, and undulators is presented 
in Fig. 1.4. 
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Fundamentals of Synchrotron Radiation Emission 

Although this book is primarily concerned with the subject of Insertion Devices 
(IDs) it is important that we cover the basics first before rushing into the exact 
output characteristics from undulators and wigglers. 

The concept involved in the production of Synchrotron Radiation (SR) is 
essentially straightforward. The radiation is produced when a relativistic charged 
particle is accelerated, usually in a magnetic field. Any charged particle will 
produce SR but the electron is the particle most usually associated with the 
phenomenon since, as will become apparent, the low rest mass of the electron 
means that it emits by far the most radiation for a given particle energy (~ 10 13 
times more than a proton). It is only in the very latest generation of proton 
accelerators (such as the Large Hadron Collider at CER.N) that the emission of 
SR from protons is of any consequence. The vast majority of synchrotron light 
sources around the world use electrons as their emitter of SR. The remainder 
rely on the positron which, although it does have some subtle accelerator physics 
advantages over the electron, produces exactly the same SR output. Throughout 
this book I have consistently referred to the electron as the emitting particle but 
I could equally well have used a positron instead without any loss of accuracy. 

This chapter covers the very basics of SR from first principles. An arbitrary 
electron trajectory is studied to give us some fundamental relationships link- 
ing the emitting particle to the observer. The general electric field due to the 
electron at the observer is then derived and this is applied to the scenario of 
an electron travelling on a circular path through a uniform magnetic field. This 
is the extremely important case of bending magnet or dipole radiation. Finally, 
equations are derived for the actual number of photons arriving at the observer 
at particular photon wavelengths and also the exact angular distribution of these 
photons. 



2.1 Emission and Observation 

First we consider an electron moving with relativistic velocity (i.e. , close to the 
velocity of light) on an arbitrary path (Fig. 2.1). If the electron emits a photon 
in the direction of an observer then by the time it arrives at the observer the 
electron will no longer be in the same position. So, if we want to consider the light 
that is arriving at the observer now we must appreciate that this was emitted 
by the moving electron some time ago. 
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Fig. 2.1. Geometry of the electron and the observer. 



The electron emits a photon at a time if , which arrives at the observer at the 
later time of t. The time t! generally goes by the peculiar name of the retarded 
time but perhaps a better, more intuitive, description is the emission time. The 
time t will be referred to as the observation time. The photon travels at the 
speed of light, c, towards the observer along the path R(1f) (note that vector 
quantities are shown in bold font) and so the observation time is related to the 
emission time by 



t — t T 



C 



( 2 . 1 ) 



The relationship between the emission and observation times is important 
and so we will explore how one changes with respect to the other 



And since 



it is clear that 



dt 1 dR(t') 

dt' c dt' 


(2.2) 


R(t ') = x — r(t') , 


(2.3) 


s> 

II 

HO ^ 

V ^ 
II 

HO ^ 

Sf ^ 


(2.4) 



where v is the velocity of the electron, as x does not vary with time. 

Recall the standard result that by differentiating the dot product a(t ) • a(t) 
with respect to time we get 



a{t) ■ 



da{t) 

dt 



= a(t) 



da(t) 

dt 



Hence 
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and so 



Rtf 



a dRtf) 
dt' 



= -Rtf) ■ vtf) 



dRtf) 

dt' 



Rtf) , / \ 

-n(t') ■ vtf) , 



(2.5) 



where ntf) is the unit vector pointing towards the observer along Rtf). Substi- 
tuting this result into (2.2) gives the important result 

^ = l-ntf)-m , (2.6) 

where (3 = v/c, is the electron velocity relative to the speed of light. At this 
point it is also worth noting that 




where 7 is the relativistic Lorentz factor that is the ratio of the electron’s energy, 
E, to its rest mass energy, Eq 



7 = 



E 

Er, 



Since Eq for an electron is 0.511 MeV and the energy of the electrons in typical 
synchrotron light sources is a few GeV, the factor 7 is usually of the order of 
several thousands. 



2.2 Electric Field at the Observer 

A widely used approach to reducing the number of unknowns in Maxwell’s equa- 
tions is to introduce auxiliary variables, which are known as vector and scalar 
potentials [12]. From the standard vector analysis result [13] V • (V x a) = 0 it 
is clear that for Maxwell’s first equation, V • B = 0, to hold, it is sufficient to 
have 



B = V x A , (2.7) 

where Atf) is termed the vector potential. Similarly, by differentiating (2.7), 
Maxwell’s second equation (Faraday’s law) 
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can be rewritten as 



V 



x E = - 



dB 

~dt 



V x E = -V x 




and so inspection of another vector analysis result [13], V x (Vf7) = 0, implies 
that a scalar potential, <f>(t), can be introduced such that 



V x E = -V x 



dA 

~di 






and so 



= — . ( 2 . 8 ) 

dt 

Clearly there is some arbitrariness in the choice of A and <f> so far. By applying 
a third condition to this pair of equations it is possible to produce a consistent 
set of potentials. In particular, if the Lorentz condition is applied [12], 



„ , 13$ n 

V ' A+ -lu =0 
c A at 



then the resulting potentials are termed the Lienard-Wiechert potentials. We will 
now use these to derive the electric and magnetic fields received by the observer. 
The scalar potential in this case is given by 



1 

R(t'){l - n(t') ■ p(t')) 

1 

47reo \R{ 1 — n - ! 3) 

where the t' subscript implies that the variables are all calculated at the emission 
time. Also note that e is the electronic charge and eo is the permittivity of free 
space. The vector potential is given by 

A ® = 47rceo (f?(l — n • /3)) t , ' ( 2 ' 10 ^ 

The derivation of the electric field, E, from A and <f) is somewhat longwinded 
but it is such an important quantity in synchrotron radiation emission that it is 
worth the effort. Further background on this derivation can be found in [14,15]. 
The first term in eqn (2.8) is the gradient of <I>, 
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Fig. 2.2. Geometry of the electron as seen by two observers. 



VT = 



47TC0 



1 

R-R/3 



which, using the standard result for the differential of a fraction, gives 



e (-V(R- R- (3)\ 
47reo ^ ( R-R-py ) t , 

/ V{R-R-f3) \ 

4tt€ 0 \R 2 ( 1 — n ■ (3) 2 ) t , 



( 2 . 11 ) 



So, to find Vd> we will need to calculate Vi?(l — n- (3). Consider two observers A 
and B that are separated by a small amount Ax (Fig. 2.2), two photons emitted 
from A' and B' arrive at the observers at exactly the same time t. The emission 
times must differ by an amount At!. It is clear then that 



vAt' + R + A R = R + Ax 



and so 



A R = Ax — cAt' (3 , 



hence 



A R = n ■ A R 

= n ■ Ax — cAt'n ■ (3 . 



Since both photons arrive at the same time at both observers we have 



( 2 . 12 ) 
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and so 



t = t' + — = it' + A t') 
c 



(R+ AR) 
c 



AR = -cAt' . 



Equating this result with (2.12) gives 



Furthermore 



At' = 



n ■ Ax 
c( 1 — n ■ (3) 



(2.13) 



A(i?(l -n-0))= A (R - R ■ (3) = AR - AR ■ /3 - R • A/3 . 



Substituting for AR and AR gives 

dd 

A (R — R - f3) = -cAt' - (Ax - cAt'fi) f3 - R ^A t' . 

Substituting A If from (2.13) and using the standard notation of $ = d/3/dt', 
gives 



A(R-R-f3)=Ax 



n 



(1 -n-(3) 



13 



(3 2 n 

(1 -n-(3) 



(R ■ f3)n \ 
c(l - n ■ (3) J 



Since 



Vf?( 1 — n ■ (3) 



A (R-R-/3) 

Ax 



in the limit as Ax — > 0, we have 



Vf?( 1 — n ■ (3) 



n (3 2 n (R ■ /3)n 

(1 — n ■ f3) (1 — n ■ (3) + c(l — n ■ (3) 

c(l — (3 2 )n — c(l — n ■ (3)j3 + R{n ■ /3)n 
c(l — n ■ (3) 



Substituting this result into (2.11) gives 



= - 



47T60 



c(l — (3 2 )n — c( 1 — n ■ (3)f3 + R(n ■ f3)n 
cR 2 ( 1 — n ■ /3) 3 



(2.14) 



The second term in (2.8) contains the differential of the magnetic vector 
potential with respect to the observer time, t, 
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dA _ dt' dA 

dt dt dt' 

1 dA 

(1 - n • (3)f dt’ 



(2.15) 



where we have used the result of (2.6). Differentiating the magnetic vector po- 
tential with respect to the emission time, tf, we get 



dA 

w 



4nceo 



' R(l - n ■ (3)/3 - /3 a(fl(1 ~"' /9)) 
f? 2 (l — n ■ (3) 2 



Note that the derivative in the second term of the numerator is 



d(R(l - n ■ (3)) d(R-R (3) 



dt 1 



dt' 



(3 — R - (3 



_ dR dR 
~ ~dti - W 
= —n ■ v + v ■ (3 — R ■ (3 
= —c{n ■ (3) + c(3 2 — R ■ (3 



where we have used the results of (2.4) and (2.5). Therefore, 



dA 

W 



e f R( 1 — n ■ (3)(3 — (3{—c{n ■ (3) + c/3 2 — R (3) 
47rceo 1 R 2 ( 1 — n ■ (3) 2 

e ( (3 _ (3(-c(n ■ (3) + c(3 2 - R ■ (3) ^ 

47t C€q (i?(l — n ■ (3) R 2 (l — n-(3) 2 , 



Putting this result into (2.15) gives 



dA 

~dt 



— - — f 1 

4ttc€o \ (1 — n • / 3 ) 

-J—(. 1 

47rceo l (1 — n ■ (3) 3 



( (3 (3(-c{n- (3) + c(3 2 - R /3)\\ 

yi?(l — n- (3) R 2 (l-n-(3) 2 JJ 

^ /3(1 — n ■ (3) + (3{n ■ (3) + c((3(n ■ (3) - (3f3 2 )^ 



t' 



t' 



Finally, this result can be combined with that from (2.14) to solve (2.8), 
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e ( c( 1 — (3 2 )n — c(l — n ■ f3)/3 + R(n ■ (3)n 

47reo y cR 2 (l — n ■ (3) 3 

e f 1 //3(1 - n ■ (3) + (3(n ■ 0) 

47rceo l (1 — n ■ f3) 3 l R 



c((3(n ■ (3) - (3(3 2 ) 
R 2 



t' 



Gathering terms together with denominators of order R and R 2 gives 



m = 



e 

47TCC0 



e 

47TCC0 



/ c(l — (3 2 )n — c(l — /3 2 )(3 (n ■ /3)(n — (3) — (1 — n ■ /3)/3 
^ R 2 ( 1 -n-/3) 3 + i?(l — n ■ (3) 3 

( C (1 ~ 0 2 ){n — (3) n x ((n - [3) x $) \ 

^ f? 2 (l — n ■ (3) 3 R(1 — n ■ [3) 3 J # ’ 1 



where we have used the triple vector product result 



A x (B x C) = (A ■ C)B - (A ■ B)C . 

In a similar manner, we can derive the result for the magnetic field experienced 
by the observer as 



B{t) = 



n x E(t) 



(2.17) 



Now that we have derived the electric and magnetic field experienced by the 
observer we can make several remarks. First, the magnetic field, B , must be 
perpendicular to both the electric field, E, and the unit vector pointing towards 
the observer, n since by definition the result a x b is perpendicular to both a 
and b. Second, if the electron is stationary ((3 = 0 = 0), then the electric field 
is given by 



E = 



en 



4,7160 R 2 



which is simply Coulomb’s law. Note also that the electric field has two terms, 
the first is proportional to 1 / R 2 and the second to l/R. As R increases the first 
term becomes less and less significant and it is very common for (2.16) to be 
written in the simplified form of 



e ( n x (( n — (3) x 0) \ 
47rceo y .R(l — n ■ (3) 3 J ; 



(2.18) 



It is very important to remember, however, that this equation only holds in the 
so-called far field, when R is large. Exactly how large R needs to be for this 
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approximation to be valid will be covered later. It will be sufficient to state now 
that for most situations of interest encountered in a synchrotron light source the 
far field approximation is valid. A simple consequence of this far field case is 
that, by virtue of the cross product, the electric field is also perpendicular to n. 



2.3 Fourier Transform of the Electric Field 

Although we now have a means of calculating the electric field as a function of 
time experienced by an observer due to an electron on an arbitrary path, it is 
not altogether clear how to interpret this result. It would be much nicer if we 
could analyse the electric field to determine what frequency content, and so what 
electromagnetic radiation, it represented. Of course we can convert from time to 
frequency with a Fourier Transform and this is the next step. We will assume the 
far field case is valid as this simplifies things somewhat. The Fourier Transform 
is given by 



E(ui) 





E(t)e iuit dt . 



Obviously the integral is performed with respect to t because we are interested 
in the frequency content experienced by the observer. However, the integral is 
actually more straightforward if we transform the integration variable to t! using 
(2.1) and (2.6) 



E(w) = -= / E(t)e iu ^ + - « )(1 - n ■ p) t , dt' 

v 2tt J — oo 

= e r ( nx((n-p)xp) \ Mt ' + MF1 ) , 

J-oo\ R(l-n-P) 2 J ^ 



The integral can be simplified if the assumption is made that R does not vary 
with time ( dn/dt = 0), which is reasonable for the relativistic far field case. After 
integrating by parts (one part being the exponential term and the other being 
the cross product terms) the expression then becomes 



' (ra x (ra x P)) °° 

_ (1-n-p) _l_oo 

/ OO , 

(ra x (ra x P))e zu ^ H ^ dt' 

-OO 

The first term on the right-hand side can be conveniently dropped since it should 
be evaluated at t' = ±oo and so will not therefore be observed. This gives us the 
final expression for the far field case of an electron moving on an arbitrary path 
of 



E{u}) = 



ceoR 
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Photon 



Fig. 2.3. Coordinate frame of an electron on a circular orbit. 



E(co) = ™ r (n x (n x (3))e^' + ^ dt' . (2.19) 

47rv27rce 0 rt J-oo 

Again, the magnetic field is related to the electric field by 

B(u) = UX . (2.20) 



2.4 Synchrotron Radiation in a Bending Magnet 

We will use the equations that we have just derived to look at the special case of 
a single relativistic electron moving on a circular orbit. Passing electrons through 
a uniform magnetic field (commonly referred to as a bending magnet or more 
correctly, dipole magnet) is the most basic method of generating synchrotron 
radiation in particle accelerators. 

The angular velocity, to o, of the electron is given by 

pc 

wo = — , 

P 

where p is the bending radius of the electron. Assuming the geometry of Fig. 2.3 
and with the time coordinate chosen so that if = 0 occurs at the origin, we can 
determine the position, normalized velocity, and normalized acceleration of the 
electron to be [14] 



r{t') = (p(l - cos(uj 0 t')) : 0,psm(Lo 0 t')) 
P{t') = (psin(uj 0 t'),0,Pcos{uj 0 t')) 
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${t') = (/3wo cos(woi , )> 0) — sin(woi / )) • 

Again we assume the far field condition so R is large and we can consider R 
to be constant over the short time during which the emitted radiation can be 
received by the observer. The unit vector is given by 

n = (0, sin ip, cos VO 

and the vector triple product from (2.19) is 



(n x (n x (3)) = (n ■ (3)n — f3 

= /3 cos V’ cos(ivot')n — (3 

= (— (3 sm(ivot') , /3 sinip cosip cos(u>ot') , — /3sin 2 ip cos(u>ot')) . 

Since we are only considering relativistic particles, with the relativistic 
Lorentz factor 7 = (1 — /3 2 ) -1 / 2 1, the vertical opening angle of the radiation 

is very small , ip ~ I/7, and only a small part of the trajectory contributes to the 
radiation seen by our observer (A <p = u>q t 1 <C 1). We can therefore approximate 
the vector product to 



(n x (n x (3)) s=s /3(—ojot',ip,0) . 

Also, the term in the exponent of (2.19) can be expressed as follows 

, R(t') , n ■ x n r 

t’ + — — = t’ + 

c c c 

from (2.3), and so, using small angle approximations again we get 



( 2 . 21 ) 



( 2 . 22 ) 



t' + ^ « t' + — — — sm(u>ot') cos ip 

c c c 

+ £ _ £ L o( . _ idfi 

c c V 6 



1 _ 

2 



x +> (1 p“ 0 , p u o^ 2 A , t’Mp (, _ 

c + l c + 2c 6c 1 2 



substituting u>q = j3c/ p and noting that /3 = a/ 1 — I/ 7 2 « 1 — l/2y 2 we get 



, R(t') x ,( (3ip 2 \ c 2 /3 3 t 13 ( ip 2 

x , ( 1 P4 >2 \ c 2 /3 3 t' 3 ( ip 2 




18 



Fundamentals of Synchrotron Radiation Emission 



x 

c 



t' 

2rf 



( 1 + 7 V) 



c 2 t' 3 

6p 2 



(2.23) 



An alternative but equivalent approach to deriving the above equation is to 
apply the small angle approximation to dt/dt ’ (eqn (2.6)) and then to integrate 
this with respect to dt’ [16]. 

Introducing our results from (2.21) and (2.23) into the electric field as a 
function of frequency (2.19) we obtain 



E(w) 



ieu> 



4tt'/27t ceoR 

x J P(—LUot\4>,0)exp^iuj^— 



t’ 

2*f 



(1 + 7 2 V> 2 ) 




dt’ . 



We can now express the exponential part in terms of sine and cosine and again 
use the approximation that 0 s=s 1. We can also remove the term x/c in the 
exponential as this is a constant (the time taken to travel between the origin and 
the observer) and so will just give a fixed phase shift, which is of no importance 
to us. We are then left with 

/ OO 

(—wo t', ip, 0) (cos U + i sin U) dt ' , 

-00 



where 






' 7 V) 



.2//3 



C t‘ 



6 p 2 



If we now look at the x, y , and s terms separately we will get an interesting 
insight into the emitted radiation. The first remark to make is that there is 
no electric field in the direction of s (i.e. E s (u>) = 0). In fact, we had already 
established this earlier when we found that the electric field was perpendicular 
to n in Section 2.2. We will now look at the electric field seen by the observer 
that is aligned in the x direction, E x (u). 



E x (lo) — 



—ieu)u) 0 

ceoR \_J- 



t 1 cos Udt' + i t 1 sin U dt' 



A function of the form f(x) = a: cos g(x) is a so-called odd function, which means 
that f(x) = —f(—x). The significance of this is that the integral of such a 
function between —00 and 00 will always equal zero. Hence, the above equation 
can be reduced to 



E x {oj) — 



eu)u> 0 

47T\/27r ceo^? 




U) 




(1 + 7V) 




dt’ . 



This can be made a little more easy to digest by substituting the variable 
u = t'{toc 2 /2p 2 ) 1 / 3 and also by introducing the critical frequency, u> c = 3cry 3 /2p. 
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E x (lo) — 



ecou>o 



AnV2^ce 0 R 

,2 \ 2/3 

/ I 

X 



a 



U)C Z 



ecuujo 



u sin 
2 P 2 



u> I 2 p 
27 2 \u;c 2 



i2 \ 1/3 



(1 + 7 2 ip 2 }u + 



2/3 



47r \/ 27r ccqR \loc 2 

/ OO 

wsin 



3cu 



2/3 



Similarly for the electric field in the vertical plane 

iecoip 



E y (oj) — 



47r\/27rceoi? [J- 



cos U dt' + i / sin U dt' 



du 



— ) (1 + 7 tp)u+—\ du . (2.24) 



Note again that f(x) = sin a; is an odd function and so the second integral in 
the above equation can be neglected, leaving us with 



Ey(w) — 



ieojtp 



VK ' ceoR J~ 

iecotp / 2 p 2 

ccqR \wc 2 

x / cos 






1/3 



3 to 



2/3 



— ) (1 + 7 i/j )u + — ] du . (2.25) 



We can present (2.24) and (2.25) in a more useful form but first we need 
to make a brief diversion into Airy functions and modified Bessel functions. A 
standard result from math texts for the Airy function, Ai( x), is [17] 

, 1 f°° ( t 3 \ , 

Ai{x) = — cos [ xt+ — dt 
n Jo \ 3 / 



and so the differential of this with respect to x would be 



dAi(x) 

dx 



Ai'{x) 



1 r°° . ( t 3 \ , 

— / t sm \ xt + — ) dt . 

* Jo V 3 / 



Two more standard results express the Airy functions in terms of modified Bessel 
functions [17], K x i 3 and I \ 2 / 3 



Ai(x) = 




2x 3 / 2 

3 
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Ai'(x) = 



1 * K 




We will now use these functions to express our results for E x {u) and E y (u>) 
in terms of either Airy functions or modified Bessel functions. First, expressed 
as Airy functions we have 



E x (u>) = - 






e 7 ( 3 uj 



1/3 



At! 



3 u 

4 0J r 



\!2tt ce^R \4w c 
iet/ry 2 ( 3w \ 2/3 / / 3w \ 



2/3 



(1 + 7 ) 



\/2n ce^R \4w c 



2/3 



2„/,2\ 



T- Ai (1 + 7 f 



4 LOcJ 



and then expressed as Bessel functions this becomes 



E x (u>) 

E v (lo) 



y/He'y f uj \ 
An \/2 tt ccqR \u c ) 
iV 3 et/jj 2 /iii\ 
47r\/27r ceof? K^c J 



(1 + 7V)A' 2/3 (G) 

(l + 7 V) 1/2 Ad/3(G) 



where 



G = 




(2.26) 

(2.27) 



Some example graphs of E x (u) and E v (u>) are given in Figs. 2.4 and 2.5. The 
result for E x (oj) looks very much like the classic bending magnet spectrum, as 
we shall see later in this section. Note that the lower frequencies become more 
and more important in both the planes as the vertical angle (7 1 [>) increases. This 
is also a standard bending magnet behaviour where long wavelength radiation 
extends much further out in vertical angle than shorter wavelength radiation. It 
is also important to note that the vertical electric field vanishes when if = 0, or 
in other words, the radiation is polarized entirely in the horizontal plane when 
observed on-axis. 

Whether one chooses to work with either the Airy functions or the Bessel 
functions is purely a matter of personal preference. In the literature, the Bessel 
function form appears more often though some find the Airy function easier 
to work with analytically. I have found the Bessel function to be more readily 
available in commercial software such as spreadsheets and programming libraries 
and so I generally prefer this form. Table 2.1 gives the value of K\/%(u) and 
K‘ 2 /z(u) for a wide range of u, as well as two other useful Bessel functions that 
we will meet in the following section. 

We will need the expressions for the electric fields in the next part where 
we will look at how the synchrotron radiation power emitted by the electron is 
distributed in angle. 
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Fig. 2.4. Horizontal electric field as a function of frequency for different vertical 
angles. 




Fig. 2.5. Vertical electric field as a function of frequency for different vertical 
angles. 



2.4.1 Angular Power Distribution 

A standard result in electromagnetic theory is that the Poynting vector, S, gives 
the energy flow per unit area per unit time [18]. 



S = —(E xB)= e 0 c 2 {E x B) , 
Bo 
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Table 2.1 Numerical values for modified Bessel functions 
that are encountered in synchrotron radiation calculations 



u 


K 1 / 3 (u) 


K2/3 (u) 


K\ 5/3 («) 


Su K 5/3 {u)du 


0.0001 


36.28 


498.9 


6.651E+06 


995.9 


0.0002 


28.76 


314.3 


2.095E+06 


626.7 


0.0004 


22.79 


198.0 


6.599E+05 


394.1 


0.0005 


21.13 


170.6 


4.550E+05 


339.4 


0.0007 


18.86 


136.3 


2.597E+05 


270.8 


0.0008 


18.03 


124.7 


2.079E+05 


247.6 


0.001 


16.72 


107.5 


1.433E+05 


213.1 


0.002 


13.19 


67.69 


4.514E+04 


133.6 


0.004 


10.38 


42.62 


1.422E+04 


83.49 


0.005 


9.594 


36.72 


9.802E+03 


71.70 


0.007 


8.514 


29.33 


5.594E+03 


56.93 


0.008 


8.116 


26.82 


4.478E+03 


51.93 


0.01 


7.486 


23.10 


3.087E+03 


44.50 


0.02 


5.781 


14.50 


972.3 


27.36 


0.04 


4.386 


9.052 


306.1 


16.57 


0.05 


3.991 


7.762 


211.0 


14.03 


0.07 


3.437 


6.136 


120.3 


10.85 


0.08 


3.231 


5.581 


96.25 


9.777 


0.1 


2.900 


4.753 


66.27 


8.182 


0.2 


1.979 


2.802 


20.66 


4.517 


0.4 


1.206 


1.517 


6.263 


2.255 


0.5 


0.9890 


1.206 


4.205 


1.742 


0.7 


0.6965 


0.8148 


2.248 


1.126 


0.8 


0.5932 


0.6839 


1.733 


0.9280 


1 


0.4384 


0.4945 


1.098 


0.6514 


2 


0.1165 


0.1248 


0.1998 


0.1508 


4 


0.01130 


0.01173 


0.01521 


0.01321 


5 


0.003729 


0.003844 


0.004754 


0.004250 


7 


4.280E-04 


4.376E-04 


5.113E-04 


4.725E-04 


8 


1.474E-04 


1.504E-04 


1.725E-04 


1.611E-04 


10 


1.787E-05 


1.816E-05 


2.030E-05 


1.922E-05 



where /io is the permeability of free space. Using our result for B found earlier 
(2.17) we have that 

S = eo c(E x (n x E)) = eoc(E 2 n — ( n ■ E)E) 
but n ■ E = 0 since they are orthogonal from (2.18) and so 



S = eocE 2 n . 
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If we define an area at the observer in terms of a solid angle Af 1 then we can 
say that the energy radiated by the electron through this area (R 2 Afi) in the 
time At is 

W = (n • S)AtR 2 AQ = e 0 cE 2 R 2 AtAQ. . 

The power observed will be 

p= dw = r eocE 2 R 2 dn 

at J 

and the power observed per solid angle will be 

dP d 2 W ‘2 

dn ~ dtdn ~ e ° c 

The total energy received by the observer in a single turn of the electron is 



/»47T pOO 



w = 



eo cE 2 (t)R 2 dtdCl 



' 0 J — oo 



and the energy received per unit solid angle is 



dW 

dtt 



j: 



eo cE 2 (t)R 2 dt 

) 

We now express E(t) in terms of its Fourier Transform 






E{oj)e~ iut dio , 



and we get 

Clil 2l T J — OQ J — oo J — oo 

Noting at this point that the Dirac delta function has integral form [19] 






e ixt dt 



and so 



dW 2 

= « cR 



/ OO POO 

/ E(ui)E{ui')5{— ui — to') du> du' . 

-oo J —oo 



Since E(t) is a real function, its conjugate E*(t) = E(t) (this is easy to see 
if one expresses the exponential term in trigonometric form). This then has the 
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consequence that E*(oj) = E(—u>). Remembering that, by definition, the integral 
of the delta function is equal to unity, the energy per solid angle then becomes 



dW 

dfl 



/ OO 

E(u>)E*(u>) duj 

-oo 

/ OO 

E(lu)E(—uj) du> 

-oo 

/ oo 

\E(u))\ 2 duj 

-oo 

/»oo 

2eo cR 2 / \E(uj)\ 2 du> , 

Jo 



and the spectral angular distribution radiated by an electron on a single revolu- 
tion is 



^- = 2e 0 cR 2 \E(u)\ 2 , (2.28) 

where ‘spectral’ implies that it is into a particular frequency band. Since the 
electron is on a circular path it will make c/27rp revolutions per second. And so 
the spectral power angular density will be 



d 2 P 
dfl dtu 



c d 2 W 
27 ip dfl duj 



R 2 

rrpop 



\E{u))\ 2 . 



We can insert \E(u)\ 2 = E%(u>) + Ey(uj) into the above equation and use our 
results from (2.26) and (2.27) 



d 2 P 
dfl duj 



3e 2 y 2 

327r 4 eop 




(1 + 7W 



K 2 2 /3 (G) + 



y 2 ?/; 2 

(1 + 7 2 t/> 2 ) 



K 2 i /3 (G) 



(2.29) 



Integrating this over all angles will give the spectral power, remembering that fl 
is the solid angle [14] . 



dP 

duj 




where Pq is the total power radiated by one electron [12] 



ce 2 y 4 
67re 0 p 2 



(2.30) 



and 
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The functions S, S x , and S y are plotted in Fig. 2.6 and values for the integral 
of K 5 / 3 are given in Table 2.1. It is clear from this graph that the majority of 
the power is horizontally polarized. We can integrate dP/cLu over frequency to 
find some remarkable results. First if we consider all frequencies then 

i s (+) d{u,M “ 1 

,/>(£) 

Therefore, of all of the power radiated, exactly 7/8 is horizontally polarized and 
exactly 1/8 is vertically polarized. If we only integrate the frequencies up to 
c o = u) c then we find 

which demonstrates that the critical frequency, u> c , actually divides the power 
spectrum into two equal parts. This fact is often used in the literature to define 
the critical frequency. 

Having integrated (2.29) over all angles to examine the power emitted as a 
function of frequency, we will now do the reverse and integrate over frequency 
to determine how the power varies with angle [14]. 



dP 

dfl 

dP 

dfi 



d 2 P 



dfl du> 
21P 0 7 



du: = 27t 



32(1 + 7 2 V> 2 ) 5 / 2 



1 + 



d P 
dip du; 

5j 2 ip 2 

7(1 + y 2 ?/ 2 ) 



(2.31) 



The first and second terms in the square brackets again correspond to the 
horizontal and vertical polarizations, respectively. This function is plotted in 
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Fig. 2.6. The power spectral density and the horizontal and vertical polarization 
components. 




Fig. 2.7. The angular power distribution and the horizontal and vertical polar- 
ization components. 



Fig. 2. 7, again demonstrating that there is no vertical power on-axis. We could 
integrate this result further over xf to show that of the total power emitted 7 /8 
is horizontally polarized and 1/8 vertically as seen earlier. 

2.4.2 Photon Flux 

It is quite straightforward to convert the power results from the previous section 
into a more commonly used result in terms of the number of photons. The energy 
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Table 2.2 Example values for the critical photon energy and angular 
frequency for three light sources 



Ring 


Energy 

(GeV) 


7 


B 

(T) 


P 

(m) 


UJ C 

(xl0 18 s -1 ) 


e c 

(keV) 


A c 

(nm) 


SRS 


2 


3914 


1.2 


5.56 


4.9 


3.19 


0.39 


DIAMOND 


3 


5871 


1.4 


7.15 


13 


8.38 


0.15 


ESRF 


6 


11742 


0.8 


25.0 


29 


19.2 


0.06 



of each photon comes from the well known result e = hui/ 2tt = Tioj, where h is the 
Planck constant. Note at this point that the critical photon energy is, as expected, 
given by e c = 7 uj c . Similarly the critical wavelength is given by Ac = 27 t c/ui c . 
Typical values for u) c , e c , and other common parameters are given in Table 2.2. 

If the number of photons emitted per second with energy e is N then the 
power emitted at that photon energy is simply Ne. The number of photons 
emitted per second per solid angle by one electron into a relative photon energy 
bandwidth Ae/e is 



d 2 N _ ed 2 N 
dflde/e dttde 

d 2 P _ d 2 P 
dfl de h dfl duj 

K U°i + ryr$V) K h » <0) 

Remembering that the fine structure constant, a, is given by 

e 2 ^ 1 
° “ 2che 0 ~ 137 

this becomes 
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dfl 
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x(l + 7 2 i> 2 ) 2 



K 2 2/ 3 (G) 



'y 2 ip 2 

(1 + 7 2 t/> 2 ) 



K 2 1/Z (G) 



(2.32) 



Let us consider for a moment how many electrons, N e , are passing a given 
point per second for a given beam current of electrons, lb- The electron beam 
current, measured in amperes, is simply the amount of charge flowing in unit 
time. For a beam of electrons this is simple to calculate as the charge carried by 
each electron, e, is well known. However, we must remember that as the electrons 
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are travelling on a circular path they will pass the same point many times in one 
second. Putting all this together we find that the beam current is given by the 
product of the number of electrons, the charge per electron, and the number of 
revolutions per second 



I b = N e e 



2n p 



(2.33) 



Rearranging this we find that the number of electrons is given by 

h 27 jp 



N e = 



e c 



So the number of photons emitted per second per solid angle into a bandwidth 
Ae/e by a beam current, Ib, is 



dN 

dfl 



3q7 2 h ( Ae\ 
47t 2 e \ e ) 




(1 + 7V) 2 



x 



Ki /3 (G) + 



'y 2 lp 2 
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^i 2 / 3 (G) 



(2.34) 



The quantity dN/dCl is referred to as the spectral angular flux density or 
more correctly the spectral intensity. We can write this quantity in more useful 
terms, with units of photons per second per milliradian 2 per 0.1% bandwidth 



% = 1.33 x 10 13 E 2 I b (— 
ail \u c 

x(l + 7 2 V> 2 ) 2 



K U G ) + (1 f 7 y) g?/a(G) 



(2.35) 



where E is the electron energy in GeV and Ib is given in A. If we consider only 
the radiation that is on-axis (ip = 0) then this simplifies to 



dN_ 

dQ 



= 1.33 x 10 13 E 2 I b 

ip=0 





(2.36) 



Three examples for the spectral intensity are given in Fig. 2.8, each for a 
different photon angular frequency. Note that at lower frequency and longer 
wavelength, the radiation extends further out in the vertical angle and also that 
the vertical polarization contribution becomes quite significant. Since the verti- 
cal electric field is 90° out of phase with the horizontal component (by inspection 
of (2.26) and (2.27)), the result is circular polarization. We can also see that at 
frequencies close to u) c the approximation that the radiation is emitted with a 
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Fig. 2.8. Spectral intensity at oj c , 0.1 ui c , and 10w c for a 300 mA, 3 GeV electron 
beam passing through a 1.4 T bending magnet. 



vertical angle of ± 1/7 is a good one. Finally we can see that at high frequen- 
cies the angular distribution is significantly less and the beam is more tightly 
collimated. 

We can use the same approach to look at the number of photons emitted per 
electron per second into all angles 
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Substituting in for the critical photon energy 



e c = Tiu) c 

and noting that ui/u) c = e/e c we get 



3 /icy 3 
Anp 



(2.37) 



L<. K ‘ /Mdu 

Again, multiplying this result by the number of electrons will give us the 
number of photons emitted per second into all angles for a beam current, I b , 
into a relative energy bandwidth Ae/e 

N=V3a£ £ K 5/3 (u) du . (2.38) 

The parameter N is referred to as the spectral photon flux or the vertically 
integrated spectral flux, this latter name conveys the message that the photon 
emission has been summed over all angles (as the electron travels on a circle of 
27 t radians it is automatically integrated horizontally). Again, in practical units 
this reduces to 



N = 2.46 x 10 13 EI b (£j £ K 5/3 (u) du (2.39) 

in units of photons per second per milliradian horizontally per 0.1% bandwidth. 

A plot of N versus e/e c is known as the universal curve (Fig. 2.9). Absolute 
flux levels for a particular electron energy and beam current can be quickly 
scaled off the curve for any photon energy once the critical photon energy is 
calculated. It should be clear from this that all bending magnet sources have 
the same characteristic spectrum. The spectral flux always increases slowly from 
the low photon energies, peaking at approximately e/e c = 0.25. The spectrum 
then falls off sharply, with a typical consideration being that the flux is useful 
up to about e/e c s=s 5. The low photon energies extend down until the emitted 
radiation reaches a wavelength of the order of the vacuum chamber dimensions 
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Fig. 2.9. The universal flux curve. Note that both axes have a logarithmic scale. 
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Fig. 2.10. Spectral output from the bending magnets of three well known elec- 
tron storage rings. A beam current of 200 mA has been assumed. Note the 
logarithmic scale along the ir-axis. 



(usually tens of mm) and so becomes cut-off from the observer. Typical bending 
magnet spectral curves are shown in Fig. 2.10 for the three storage rings whose 
parameters are given in Table 2.2. 

In summary then, the spectral range covered by a bending magnet is fixed 
by the critical photon energy, which is a function of the electron energy and 
the bending radius (2.37). The bending radius itself depends upon the electron 
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energy and the magnetic field, B 

E 

P ~ 0.3 B ’ 

where E is expressed in GeV and B is in Tesla and so in more practical units 
the critical energy is given (in eV) by 

e c = 665 E 2 B 

In an electron storage ring with a fixed energy the SR spectrum can be shifted 
sideways along the photon energy axis if a different e c can be generated locally. 
It is possible to change e c in this way by having a different magnetic field in a 
local part of the storage ring. The insertion devices which can produce this local 
change in e c and so shift the SR spectrum, go by the name of wavelength shifters 
and these are the subject of Section 2.6. 



2.4.3 Vertical Opening Angle 

We have already seen that different photon energies emit SR over quite different 
vertical angular distributions. It is useful to be able to estimate what a ‘typical’ 
angle might be for each particular photon energy. This ‘typical’ angle is the so- 
called vertical opening angle of the radiation, denoted as a r >. The most common 
method for estimating this opening angle is to assume that the angular distribu- 
tion follows a Gaussian or Normal distribution. This is not a particularly good 
assumption, especially when e <C e c where the vertical polarization component 
can become quite significant (see Fig. 2.8, for example) so the results should 
always be treated with some caution. 

Let’s just remind ourselves of the main features of a Gaussian distribution. 
First it has a functional form 



f(x) = 



1 



\/2tt a 



exp 



Qc- v) 2 \ 

2 ct 2 ) ’ 



where p is the mean and a is the standard deviation. Second, the integral of f(x) 
over all x is equal to unity and finally, the full width at half maximum (FWHM) 
for a Gaussian distribution is equal to 2.355 a. 

Now, we are assuming that the vertical angular distribution is of Gaussian 
form and symmetric about ip = 0, so 



dN 

dil 



dN_ 

dVl 




Integrating this over all vertical angles we get 
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(2.40) 



therefore 
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27r\/27r ^ 

v>=o 

Substituting our results from (2.38) and (2.34) gives 



<J r ' 
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(2.41) 



So, for instance, at e = e c we find that 

0.65 

(T'pt — 

7 

A plot of the output from the above result for a r > is given in Fig. 2.11 for 
a 3 GeV electron beam. Note that the vertical opening angle changes by two 
orders of magnitude between low and high photon energies. The examples that 
were used for Fig. 2.8 are plotted again in Fig. 2.12 but this time with the 
superimposed ideal Gaussian distribution using the calculated value of a r > as 
well. It is clear from this that the Gaussian assumption is only correct at the 
highest photon energies, the approximation is already struggling at e = e c . Since 
this treatment is only an approximation, if the exact vertical angular distribution 
is of particular interest the distribution dN/dCl should be examined directly. 



2.4.4 Bending Magnet Brightness 

If we take a perpendicular slice through the SR travelling towards the observer 
then we will intercept millions of photons. Each of these photons in this slice will 
have a particular position and angular direction. Some will have a position close 
to the axis but a relatively large divergence and others will be far from the axis 
but have a very shallow trajectory. This concept of particles having a position 
and an angle that evolves with time as they travel towards the observer is known 
as the phase space. It is an important concept that also crops up in many other 
areas of physics. In particular, it is often used in accelerator physics to describe 
the distribution of the charged particles travelling around an accelerator. 

The brightness of a source is the phase space density of the photon flux (i.e. 
the photons per unit solid angle per unit solid area) and it is a figure of merit 
that takes into account not only the number of photons emitted but also their 
concentration. It is often encountered in geometric optics where it is widely used 
because it is a quantity which is invariant in an ideal optical beam transport 
system (a result from thermodynamics known as Liouville’s theorem [20]), unlike 
angular flux density, for instance. 
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Fig. 2.11. A plot of a r > vs. e/e c for a 3 GeV electron beam. 



To calculate the bending magnet brightness we need to consider the effective 
phase space area from which the photon flux is being emitted taking account of 
both the finite electron and photon beam sizes and divergences. First, there is 
no need to consider any horizontal angle effects as the light is emitted smoothly 
over the full horizontal 27r radians. The effective vertical angle, Ey, will be a 
combination of the electron vertical beam divergence, ay, and the photon beam 
opening angle, a r >. Since these are both from Gaussian distributions they are 
added in quadrature 

Ey - ^Oy + a 2 , . 

For the effective source sizes we have to combine the electron beam sizes, <j x and 
a v , with the photon beam size, a r , in a similar manner 



E 

E 



X 

y 



V^x + ^r 

\l a2 V + (T r ■ 



The photon beam size is found by approximating the single electron photon 
source to the fundamental mode of an optical resonator (see Section 4.4) 

A 

(T r — “ • 

47 TCT r ' 

The bending magnet brightness, B, is then given by 



(27T)3/ 2 E x E y Ey ’ 
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Fig. 2.12. Spectral intensity at w c , 0.1 u) c , and 10 u) c for a 300 mA, 3 GeV electron 
beam passing through a 1.4 T bending magnet. Also plotted is the Gaussian 
distribution for the appropriate vertical opening angle a r > . 



where N is the photon flux per unit horizontal angle (2.38). Note that each 
S term introduces a \/2tt because the rectangular function of equal area to a 
Gaussian has a width of \J2k<j (see Section 2.4.3). 

In general, ay <C (J x , y and the brightness equation can be simplified to 
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R = N 

{2TT) 3 /' 2 a x a y {a 2 y , + cr 2 ,) 1 / 2 

The bending magnet brightness has units of photons per second per solid area 
per solid angle per spectral bandwidth. 



2.5 Power and Power Density from a Bending Magnet 

A considerable amount of power can be generated in the form of synchrotron ra- 
diation in a storage ring. This is not only important for the users of the radiation 
but also those who have to design and operate the accelerator. The power and 
power density levels are often high enough in a synchrotron light source to cause 
damage to the accelerator itself. A number of accelerators around the world have 
melted components inside the vacuum chamber and the vacuum chamber itself 
in some cases! For this reason all light sources have to water cool many items 
inside the vacuum system that the synchrotron radiation impinges upon. In some 
accelerators sophisticated monitoring of the electron beam position is necessary 
to ensure that it is operating safely and if the beam moves outside of certain 
prescribed limits it is quickly dumped to prevent any possible thermal damage. 



2.5.1 Total Power 

The instantaneous total power emitted by a single relativistic electron is [12] 

_ ceV 

0 67re 0 p 2 

where p is the radius of curvature of the electron path. So, in a storage ring 
of circumference, C, with fixed bending radius in the dipoles, po, the energy 
radiated by each electron per turn is 



A E = 



e 2 y 4 

67re 0 



ds 

Po 



(2.42) 



(the c is cancelled because the integral is expressed with respect to s and not t) . 
And since the integral equals 2n/po (there is no emission in the straight sections) 
this becomes 



A E = 



e 2 q 4 

3eoPo 



So, the total power emitted by a beam of electrons of current, /{,, using (2.33) is 



Ttotal — 



e7 4 A> 

3eoPo 



which in practical units is 



Ttotai = 88.46 ^ 

Po 

where the power is in kW and the electron energy, E, is in GeV. 



(2.43) 
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Table 2.3 Example values for the power, power per horizontal angle 
and power density on-axis for three light sources 



Ring 


Energy 

(GeV) 


P 

(m) 


h 

(mA) 


P total 

(kW) 


dP/d0 

(W/mrad) 


dP/dil 

(W/mrad 2 ) 


SRS 


2 


5.56 


200 


50.9 


8.1 


20.8 


DIAMOND 


3 


7.15 


300 


300.7 


47.9 


184.4 


ESRF 


6 


25.0 


200 


916.5 


145.9 


1124.0 



Another useful number to know is the power per horizontal angle. Again, 
expressed in practical units this is given by 



^ = 14 - 08 — 
dO po 



where the result is in W/mrad. 



2.5.2 Power Density 

The bending magnet power distribution in the vertical plane has already been 
derived (2.31) and plotted in Fig. 2.7. We can use this result to find the power 
density. In particular, the power density on-axis (if = 0) is given by 

dP 
dfl 



2Ty 

647T 



total 



which in practical units of W/ mracl 2 is 



dP_ 

dtt 
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18.08 



E 5 I b 

Po 



(2.44) 



Some actual values for the power levels that are experienced in modern light 
sources are given in Table 2.3. 



2.6 Wavelength Shifters 

Wavelength shifters are a type of insertion device, which essentially produces 
bending magnet style radiation. The advantage that they have over the storage 
ring bend magnets is that their magnetic field, and so the critical photon energy, 
can be tailored to a specific beamline requirement. Generally, wavelength shifters 
are used to shift the spectrum towards the higher photon energy end. In the SRS, 
for instance, the 6.0 T magnetic field in one of the wavelength shifters produces a 
critical photon energy five times higher than the 1.2 T bending magnets [21]. This 
gives a larger flux at the high photou energy end of the spectrum than is normally 
available (Fig. 2.13). From this plot it becomes apparent why the term wavelength 
shifter is used since the spectrum literally shifts along the photon energy ir-axis. 
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Photon energy (eV) 



Fig. 2.13. A comparison between the spectral photon flux emitted by a 1.2 T 
SRS bending magnet and the 6.0 T wavelength shifter. The beam current is 
200 mA and the electron energy is 2 GeV. 

There is no absolute change to the total number of photons emitted, just the 
wavelength at which they are emitted changes. 

A wavelength shifter usually consists of one high magnetic field central pole 
surrounded by two weaker side poles of opposite polarity. A typical magnetic 
field profile along a wavelength shifter and the electron trajectory through such 
a magnet is shown in Fig. 2.14. The magnetic field strengths are arranged so 
that the total integrated field strength along the longitudinal axis is equal to 
zero. This ensures that the overall angular deflection to the electron is zero and 
that the electron exits the insertion device on the same axis that it entered on. 

Since the magnetic field along the length of the wavelength shifter is not 
constant, the critical photon energy also varies along its length (see Fig. 2.14). 
This means that although the SR produced has the same characteristics of bend- 
ing magnet radiation, the exact characteristics observed depend on which part 
of the electron trajectory the observer is looking at. Furthermore, the observer 
may simultaneously also see SR produced by the side poles, which may enhance 
the flux but also give a light source with more than one source point. 

A wavelength shifter will typically deflect the electron beam by the order 
of 10 mm at the peak of the bump, which is of course the optimum source 
point (highest magnetic field strength). Clearly if the magnetic field strength 
of the wavelength shifter is altered the size of this deflection will alter, in turn 
changing the source point position. It is possible to produce a wavelength shifter, 
which always has the main source point on-axis by the inclusion of two further 
side poles. Examples of this are the 7 T wavelength shifters at CAMD [23] and 
BESSY II [24], 
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Fig. 2.14. The magnetic field profile for the SRS 5 T wavelength shifter [22], 
the critical energy and the position and angle of a 2 GeV electron through 
the magnet. 



2.7 Extension to Multipole Wigglers 

We have just seen that a wavelength shifter, which is simply a single, large bump 
on the electron trajectory can produce synchrotron radiation that is essentially 
bending magnet radiation. Imagine putting several identical wavelength shifters 
one after the other in a straight section of a storage ring. The electron would 
simply travel through each wavelength shifter in turn emitting synchrotron radia- 
tion in the forward direction. Each wavelength shifter is independent of the other 
and the electron returns back to the beam axis after passing through each one. 
Although there is no fundamental relationship between each wavelength shifter 
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Fig. 2.15. Magnetic field and electron trajectory for three consecutive wave- 
length shifters in a straight section. The observer will receive three times 
more flux than from one wavelength shifter. 



in terms of the emission of light, an observer will see an enhancement in the flux 
received simply because there are now several sources emitting radiation in his 
direction. This point is illustrated in Fig. 2.15. This concept of multiple sources, 
separated longitudinally and each emitting independently, forms the basis for 
the multipole wiggler. Note that the term wiggler on its own is used somewhat 
carelessly in the literature and refers sometimes to a wavelength shifter and 
sometimes to a multipole wiggler. 

Of course, putting several wavelength shifters in a straight section is not 
the most efficient way of creating a multiple source. A better arrangement of 
alternating magnetic fields is shown in Fig. 2.16. In fact a typical multipole wig- 
gler has a magnetic field, which closely resembles a sinusoidal profile. A detailed 
derivation of the synchrotron radiation emission from a multipole wiggler is given 
in Chapter 3 and the design of magnets to create the desired magnetic field is 
covered in Chapter 7 for permanent magnet based solutions and Chapter 8 for 
electromagnet based solutions. 
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Fig. 2.16. Magnetic field arrangement that utilizes the available straight space 
more economically. This concept of alternating magnetic fields to generate a 
flux enhancement is the basis of the multipole wiggler. 
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Synchrotron Radiation Output from Multipole 

Wigglers 



3.1 Electron Trajectory 

In the coordinate frame where the electron is travelling in the s direction and 
it only experiences small angular deflections (x <C 1 ,y <C 1) the equations of 
motion for the electron are [25] 
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7?noC 
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yB s ) 




(xBs - B x ) 

7 m 0 c 



where mo is the rest mass of the electron. 

In a multipole wiggler or undulator, which only deflects in the horizontal 
plane and so only has vertical magnetic field on the mid plane ( B x = B s = 0), 
we have 



e By 

x = — 

7 m 0 c 

y = o . 

Furthermore, if the magnetic field is sinusoidal, with period A u , then 

B y (s) = -B 0 sin 
and we can integrate x to find x 
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ds 



Since i;(s) is the horizontal deflection angle from the s-axis we can conclude 
from the result above that the maximum deflection angle experienced by the 
electron is 
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We will now define a very important parameter for insertion devices, the so-called 
deflection parameter, K , 



K = — ^ = 93.36 B 0 X U , (3.1) 

m oc 2 7 r 

where Bo is expressed in T and X u in m. Note that K does not have any units. 
We can now rewrite the angular deflection as 
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— cos 
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and one more integration gives x(s), 




(3.2) 
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(3.3) 



We have now shown that the peak angular deflection caused by the sinusoidal 
vertical magnetic field is K/ 7 . This is the case for undulators and multipole 
wigglers, both of which have sinusoidal magnetic field variation. Remembering 
that the typical opening angle for the emitted synchrotron radiation (SR) is 
~ I /7 it is intuitive that if K < 1 then the electron trajectory will overlap with 
the emitted radiation fan and that interference effects can occur. This is the 
case for an undulator. On the other hand, if K 1 there will be little overlap 
and the source points can be treated as independent and bending magnet-like. 
This is the case for a multipole wiggler. There is a grey area in the distinction 
between undulators and wigglers when K is in the range of between 1 and 10, say. 
Some authors define the boundary between undulators and multipole wigglers 
as K <1 and K > 1, respectively, others at K < 5 and K > 5. In fact 
there is no clear boundary and interference effects can still be observed at K 
values considerably larger than 5. Perhaps the best distinction to make between 
undulators and multipole wigglers is to say that undulators exhibit interference 
effects and multipole wigglers do not. However, some devices are built to exhibit 
interference effects at low photon energies and bending magnet-like output at 
high photon energies, leading this class of devices to be occasionally referred to 
as wundulators\ 

As an example of the typical electron amplitudes associated with insertion 
devices, if we have a magnet with a period of 50 mm and K of 3 then the peak 
horizontal displacement and angular deflection will be approximately 4 /jin and 
0.5 mrad, respectively, for a 3 GeV electron. 
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3.2 Multipole Wiggler Critical Energy 

We found in Chapter 2 that synchrotron radiation from dipoles can be charac- 
terized by a critical photon energy , e c (2.37). This critical energy is used as a 
representative or ‘typical’ value for a particular dipole spectrum and the shape 
of the whole spectrum can be derived once the critical energy is known. The mul- 
tipole wiggler, like the wavelength shifter will produce a spectrum of the same 
characteristic shape as a bending magnet spectrum but, as the magnetic field 
varies along the s axis, the critical photon energy also varies. In other words, the 
spectrum that the observer sees depends upon the horizontal observation angle, 
0 , unlike in a dipole where it has no such dependence. We will now examine how 
e c varies in a multipole wiggler. 

From (2.37) we have that the critical energy is given by 

_ 3 /icy 3 
C 47T/9 ’ 

which in more practical units is 

e c = 665 E 2 B , 

where e c is measured in eV, the electron energy, E, is measured in GeV and the 
magnetic field, 5, is measured in Tesla. 

If the observer views the radiation emitted from a multipole wiggler with 
zero deflection angle (i.e. x(s) = 0 = 0) then the critical energy of the spectrum 
observed is 

e C0 = 665 E 2 B 0 . 

At any particular value of s and 6 the critical energy will be 



e c = 665 E 2 Bq sin 



- (?) 



= e Cn sm 



27ts\ 



Since, from the electron trajectory calculations (3.2), we know that 



cos 



/ 27ts\ 0y 

v a?; = ~k 



we can rewrite the critical energy for a multipole wiggler as 




Fig. 3.1 shows how the critical photon energy varies along the length of a 
multipole wiggler. In this case a magnet with a 2.0 T peak field and period of 
200 mm has been used with a 2 GeV electron beam. 
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Fig. 3.1. Magnetic field, critical energy, and electron trajectory for a 2.0 T, 
200 mm period multipole wiggler. The critical photon energy has been cal- 
culated for a 2 GeV electron beam. 



3.3 Flux from a Multipole Wiggler 

Since the multipole wiggler can, in its simplest form, be considered as a series of 
bending magnets, one behind the other, the flux that the observer sees is simply 
the sum of the flux from each apparent bending magnet or source point. As the 
magnetic field is generally assumed to be sinusoidal there are two source points 
per period, one for each magnetic dipole. For an observer at a particular angle, 
the total flux that the observer receives at a specific photon energy is therefore 
determined by the critical photon energy due to the observation angle, as shown 
in Section 3.2, and the number of periods in the insertion device. In particular, 
the flux is given by the product of twice the number of periods and the flux for 
one bending magnet source at that magnetic field (2.38). 

It should now be clear why the multipole wiggler is so advantageous when 
compared with a bending magnet. Not only can the peak magnetic field be 
chosen, to some extent, to meet the required spectral range, but also the flux 
will be enhanced by twice the number of periods. A typical number of periods for 
a multipole wiggler would be approximately 20 - 30, though this clearly depends 
upon the actual period chosen and the space available for the magnet length. 
From this we can see that a flux enhancement over a standard bending magnet 
source of a factor of 50 is typical. This is one reason why modern synchrotron 
radiation sources are based upon the use of insertion devices as their primary 
source of light rather than the bending magnets. An example of the flux output 
from a multipole wiggler compared with a bending magnet and a wavelength 
shifter is given in Fig. 3.2. 
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Photon energy (eV) 



Fig. 3.2. Photon flux generated by a 300 mA, 3 GeV electron beam for a 1.4 T 
bending magnet, a 6 T wavelength shifter and a 1.6 T multipole wiggler with 
45 periods. 



3.4 Multipole Wiggler Brightness 

The brightness of a multipole wiggler source is not straightforward to derive be- 
cause of the large source length, L, and the large horizontal angular excursion of 
the electron beam (iA'/y) being significantly greater than the radiation opening 
angle (~ l/y). 

An analytical approach has been taken in [26] by first of all tracking all 
photons back to the intersection with the mid-plane of the multipole wiggler and 
then examining the probability of finding a photon in a small phase space element 
on this plane. The derivation assumes that the magnetic field is sinusoidal, the 
photon emission is uniform in the horizontal plane over the angular excursion 
of the electron beam and that the emission is concentrated at the poles of the 
device. The resulting expression for the brightness (with units of photons per 
second per solid area per solid angle per spectral bandwidth) is a sum over the 
length of the device at each pole position, y , 



B = F, 



N 

\ ' 



pole 



exp(— xl/2(<j 2 x + sj<j 2 x ,)) 



^ (27 r) 3 / 2 (<7 2 + s|cr2,) 1 / 2 (fj2(fj2, + of,) + sfcr,2 /C r2 ; )l/2 



(3.4) 



where -F po ie is the flux per unit horizontal angle per magnet pole (from (2.38)), N 
is the number of poles, Xo = K\ u /2ttj is the maximum horizontal deflection of 
the electron beam (3.3), cr r > is the rms photon divergence (2.41) and the electron 
beam has source sizes of a x and a y and divergences of o x > and ay. Figure 3.3 
plots the brightness for a ‘typical’ multipole wiggler and a bending magnet. 
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Photon energy (eV) 



Fig. 3.3. The brightness generated by a 300 mA, 3 GeV electron beam for a 
1.4 T bending magnet and a 1.6 T multipole wiggler with 45 periods. The 
electron beam dimensions are a x = 100 /jrn, a y = 10 /.tin, a x > = 20 /trad, and 

<jy> = 2 /.trad. 



3.5 Power and Power Density from an Insertion Device 

3.5.1 Total Power 

To find the total power emitted by an insertion device we follow the same prin- 
cipal as that applied to bending magnets in Section 2.5. Starting with the in- 
stantaneous power emitted by a single relativistic electron 

= ceV 
0 67re 0 p 2 



we want to convert this to the energy loss per pass through the insertion device. 
The energy radiated by one electron passing through a device of length, L, is 



A E = 



e 2 7 4 

67T60 



1 

p(s y 



-ds 



Since it is much more usual to describe insertion devices in terms of the magnetic 
field through the magnet, B(s), rather than the varying bending radius, p(s), of 
the electron beam, we will put the equation in terms of B instead. Substituting 
for B with the relationship, B = E /cep, and also expanding 7 gives 



A E = 



e 4 E 2 

67reom|c 6 




B(s) 2 ds 



It is important to keep in mind the difference between the energy lost by the 
electron, A E, and the energy of the electron itself, E. Changing the units of the 
electron energy to GeV gives the energy loss per pass in eV as 
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AE = 1265.5 E 2 f B{s) 2 ds . 

Jo 

So the total power emitted by a beam of electrons of current, I b , and energy, E, 
in GeV passing through any insertion device is 

P to tai = 1265.5 E 2 I b [ B(s) 2 ds . (3.5) 

Jo 

Notice that nothing so far has been assumed about the insertion device and that 
this result is quite general. In fact, the bending magnet total power result can 
be derived by solving the integral for a constant B around a circumference of 
27rpo- If we assume that the insertion device has a sinusoidal field, with a whole 
number of periods along its length, then the integral becomes B 2 L/2, where Bq 
is the peak field of the insertion device, and the total power emitted in Watts is 



Ptotai = 632.8 E 2 B 2 LI b 



3.5.2 Power Density 

The power density that is emitted by an insertion device has been found [27] in 
a similar manner to the total power. The equation for the instantaneous power 
radiated per solid angle by an electron [6] has to be integrated along the length 
of the device. The result for a planar device with a sinusoidal field variation is 



dP 

dfl 



21y 2 



PtotaiG(K)F K ('yO, yi/j) , 



16t tI< 

where G(K) is a normalization factor given by 



G(K) = 



K(K 6 + ^K 4 + 4A' 2 + f) 



(1 + K 2 y/2 

and P/f (yd, yip) is the term which describes the angular dependence 



E K (j0,rip) = 



16 K 



1 4(76* — K cos a) 5 

P3 /P 



7t tG(K) 

where 9 is the horizontal angle, if is the vertical angle and 
D = 1 + (77 p) 2 + (7 9 — K cos a) 2 . 
Since Fk( 0, 0) = 1, the on-axis power density is given by 

2I7 2 

ip, 6 = 0 



sin 2 a da , 



dP 

dfl 



16ttK 



PtotalG(A') 



which in practical units of W/ mrad 2 is 
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Fig. 3.4. The function G(K) used in power density calculations. 



= 1012.5 —ALI b G(K) , 

ip, 0=0 K 

where E is in GeV as usual. 

The function G(K) is plotted in Fig. 3.4. It quickly tends towards 1 as K 
increases. The function F^ipO, ~/ip) is difficult to solve analytically but can be 
evaluated numerically without too much difficulty. Fk^O, yif) is plotted as a 
function of 9 for ijj = 0 and as a function of if for 9 = 0 in Fig. 3.5. F^Gff), 0) tends 
towards a semicircular shape as K increases. In the vertical plane, Fa-(0, 'yip) 
quickly tends towards the K = 00 limit, which is identical to the bending magnet 
result we saw earlier (Fig. 2.7). 

Some example power and power density levels are given in Table 3.1 for 
some ‘typical’ undulator and multipole wiggler parameters. Comparing these 
with the dipole power levels given in Table 2.3 we can see that the insertion 
devices produce huge power levels, which can be extremely difficult to handle. 
One of the biggest problems for beamline designers is to cope with these power 
levels on the beamline optics without the optics becoming damaged or distorted. 
Interestingly, the total power from the multipole wiggler is much higher than 
the undulator, but the power density is similar to the undulator case (taking 
account of the different lengths used) since the beam is spread over a larger 
solid angle. One further point to note is that the power densities generated by 
insertion devices on a surface within a few metres of the source are often greater 
than that needed to weld metal! 



dP 





.5 



W 



6 , 0) and Fk( 0, y 
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Table 3.1 Example values for the power and power 
density on-axis for two insertion devices at three dif- 
ferent electron energies 



Energy 

(GeV) 


B 0 

(T) 


K 


L 

(m) 


h 

(mA) 


P total 

(kW) 


dP/dn 

(kW/mrad 2 ) 


2 


0.64 


3 


5 


200 


1.0 


2.2 


3 


0.64 


3 


5 


300 


3.5 


16.8 


6 


0.64 


3 


5 


200 


9.3 


179.1 


2 


2 


40 


2 


200 


4.0 


0.6 


3 


2 


40 


2 


300 


13.7 


4.9 


6 


2 


40 


2 


200 


36.4 


52.5 
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Synchrotron Radiation Output from Undulators 

4.1 The Undulator Equation 

From (3.2) we have 

... dx K ( 27 ts 

x(s) = — = — cos [ — 
ds 7 \ X u 

and to a good approximation As = cAt so 

Ax Ax 1 dx K / 27 rs \ 

As cAt c dt 7 \ A u ) 

Also, since 8 X is defined as the relative transverse velocity, v x /c, we have 

dx/dt K {2irs\ 

8x = ~ = — cos — . 4.1 

c 7 \^u J 

As the energy of the electron is fixed, /? is also fixed and so any variation in 
8 X must result in a corresponding change in /3 S (/3 2 = /3 2 + /3 2 ). From this we 
have 



8 2 = P 2 ^ 8l 






T 



V J 



Using the result, cos2A = 2 cos 2 A — 1, we get 

K 2 (1 1 



8 S = 8 - -o- hr + n cos 



/ 47ts\ 

and using the approximation, (1 — a:) 1 / 2 ~ 1 — x/2, this becomes 



8s ~ 8 ( 1 - g 



1 ( K 2 



/3 2 7 2 



1 1 
2 + 2 C ° S 



pi- 



K 2 



K 2 



■ COS 



/ 47Ts\ 
/ 47 Ts\ 

u/ 



(4.2) 



4/3 2 7 2 4/3 2 7 2 

On inspection we can see that this is a constant with an oscillating cosine term 
and so the average velocity in the forward direction, /? g , is simply 
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Fig. 4.1. Geometry for an electron travelling through an undulator. 



fi. 



fi- 



le 2 

4/Ty 2 

1 

Ty 2 “ 



K 2 

w ' 



If we now move on to the conditions required for interference we can see from 
Fig. 4.1 that for interference to occur between wavefronts emitted by the same 
electron the electron must slip behind the first wavefront by a whole number of 
wavelengths over one period. The time for the electron to travel one full period is 
X u /c$ s and during this time the first wavefront (moving at velocity c of course) 
will have travelled a distance A u /j3 s . Assuming the wavefront is emitted with an 
angle 9 then, the separation, d, between the two wavefronts will be 



d 



— \ u cos 9 

fis 



(4.3) 



This separation must be a whole number of wavelengths for constructive inter- 
ference to occur 



nX= — X u cos 9 . 

Ps 

Inserting our value for fi s and remembering that (1 — x) -1 ~ 1 + x we find 



1 K 2 
tiX ^ X u ( 1 T 



2y 2 4/Fy 2 



— X u cos 9 
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W1 m ^ A„ A U K 2 
~A u (l-cos0) + ^ + 1 ^ . 

Using the identity, 1 — cos 9 = 2 sin 2 (9/2 ) , and the approximation for small angles 
that sin 9 ~ 9 this becomes 



nX 



A u 9 2 X u 

2 + 2y 2 

K 2 

— I 1 + — 

2 7 2 1 + " 



A u ff 2 

4/Ty 2 

+ 9 2 y 2 



which leads to the famous undulator equation 

A = ^{ 1+I 'Y + d2 ' y2 ) ' (44) 

Taking the earlier example from Section 3.1 of a 3 GeV electron passing 
through an undulator with a period of 50 mm and K of 3 we find that the 
wavelength of the first harmonic (n = 1) on-axis (9 = 0) is ~ 4 nm (a photon 
energy of ~ 310 eV). 

It is worth spending a few minutes pondering over the implications of the 
undulator equation. The most obvious one is that a magnet with a period of 
a few 10s of mm produces light with a wavelength on the order of nm because 
of the huge y 2 term (remember that 7 is typically a few thousand (see Table 
2.2)). We can also see from the equation that the harmonic wavelength changes 
with not only the magnet period and electron energy but also the deflection 
parameter, K, and the observation angle, 9. K is a function of the peak on-axis 
magnetic field and the undulator period again, so by changing the amplitude of 
the magnetic field the output wavelength of the undulator can be varied. For this 
reason undulators are almost always built with a smoothly adjustable magnetic 
field amplitude allowing the output wavelength to be varied continuously over 
the tuning range of the undulator. This raises one slightly counter-intuitive ele- 
ment to the undulator output; at the maximum magnetic field value, K is also 
maximum and so the output wavelength is longer than when K is small. In other 
words, the output wavelength of an undulator gets longer as the magnetic field 
increases. This is different to the synchrotron radiation emitted by a dipole where 
we saw that higher magnetic fields are used, especially in wavelength shifters, to 
produce shorter wavelength radiation. 

One final remark concerning the undulator equation is that the wavelength 
observed changes significantly with observation angle but since there is a 9 2 term 
the wavelength always lengthens as the observer moves away from the on-axis 
position (9 = 0). In a practical undulator beamline, therefore, the choice of the 
aperture through which the radiation has to pass before reaching the observer 
is crucial as it alters the light source characteristics. An example of how the 
wavelength changes with both K and 9 is given in Fig. 4.2. Note that although 
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Fig. 4.2. The variation of undulator output first harmonic wavelength with the 
deflection parameter and the observation angle for a 3 GeV electron passing 
through a 50 mm period undulator. 



very large wavelength variations are possible, especially by going to large 9, this 
equation makes no comment on the actual number of photons that would be 
observed. In fact the number of photons at large angles is small as we shall see 
later. 

To get an idea of the wavelength spread for each harmonic we can look at 
the interference effect over the full length of the device. If the undulator has N 
periods over a length L then the condition for constructive interference over the 
entire length is 

Nn\ = — NX U cos 9 

Ps 

and similarly the condition for destructive interference first occurs when there 
is one complete extra wavelength advance over the whole device, this occurs at 
wavelength A* 

NnX* + X* = - NX U cos 9 . 

Ps 

Equating these two interference conditions at a fixed 9 we have 

NnX = NnX* + X* 



or 



1 + Nn 

The wavelength range over which there is some emission is AA = A — A* and the 
bandwidth of the emitted radiation is 
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AA 

“T 



So a typical undulator with say 100 periods would have a bandwidth of around 
1% at the first harmonic and clearly higher order harmonics will have narrower 
band widths. 

We can go through a similar process to look at the angular spread over which 
a particular wavelength will be produced. Destructive interference will first occur 
at an angle 9* when 

AnA + A = - AA„ cos 9* . 

Pe 

Again equating this with the earlier condition for constructive interference we 
find that 

— NX U cos 9* — X = ^ u — NX U cos 9 

Ps Ps 

and so 



A- A* 

A 

1 

1 + An 
1 

An ' 



(4.5) 



AA„ cos 9* + X = NX U cos 9 . 



Substituting in the small angle approximation, cos 9 ~ 1 — 9 2 / 2, this reduces to 



9*2 



-9 2 = 



2A 

AA„ 



Therefore, for the radiation emitted on-axis (9 
intensity falls to zero is 



0), the angle at which the 



A 9 = 




l + I< 2 /2 
An 



If we approximate the distribution in angle by a Gaussian with standard devia- 
tion, a r >, then 



ar ' /aa^ /t ’ 

where L is the length of the undulator. For our typical undulator with 100 periods 
and a A' of 3 the angular spread for the first harmonic at 3 GeV is ~ 30 /rrad, 
which is significantly less than the l/y ~ 170 /z rad, the typical opening angle for 
a bending magnet or multipole wiggler that we found earlier. 
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4.2 Odd and Even Harmonics 

There is an important distinction in undulators between odd harmonics (n = 
1,3,5,...) and even harmonics (n = 2,4,6,...). In the on-axis direction ( 9 = 0) 
only odd harmonics are observed. Away from the axis, even harmonics are also 
present though they generally have inferior spectral properties, as we shall see 
later. In many undulator designs the even harmonics are completely disregarded 
but in practice they can still be an extremely useful source of photons. One way 
of understanding why the even harmonics are not present along the axis is to 
consider the electric field generated by the electron. 

If we consider an electron moving along with an oscillating trajectory with 
maximum angular excursion of K/'y (as found in Section 3.1) while emitting 
synchrotron radiation into a cone of ~ l/y then if the angular excursion of the 
electron is much less than this (i.e. K <C 1) all of the emitted radiation is seen by 
the observer and is thus a continuous sinusoidal electric field. If we decompose 
this electric field (using Fourier analysis) into a frequency spectrum, which is 
equivalent to the radiation spectrum, then it is clear that the pure sinusoidal 
field is simply a single, odd, (n = 1) harmonic (shown schematically in Fig. 4.3). 

Now if we increase K to well beyond 1 the angular excursion of the electron 
beam is well above I/7 and the observer only sees the electric field briefly as 
the electron passes into this radiation emission angle. However, as we are still 
on-axis the electric field peaks are still equally spaced in time but of alternating 
polarity (Fig. 4.4). Since the spikes are equally spaced, the Fourier Transform 
of the electric field still only contains odd harmonics, though of course it should 
be noted that as I\ increases, the sharpness of the electric field spikes also in- 
creases and so the radiation spectrum contains increasingly higher numbers of 
harmonics. 

If we now consider the case where the observer is viewing from off-axis, he still 
sees only the electric field when the electron is within ~ I/7 of his observation 
angle. However, since he is no longer on-axis the electric field he observes is not 
equally spaced in time. At larger and larger angles the electric field peaks of 
opposite polarity tend to move towards each other and the Fourier Transform of 
such a field has to contain even harmonics (Fig. 4.5) [28]. 

An important point should be noted here with regard to the total number 
of harmonics observed. We saw that at larger I\ values the electric field became 
much sharper and consequently the radiation spectrum contained far more har- 
monics. In the extreme case where I\ is very large the number of harmonics 
is also so large that the radiation spectrum smoothes out, losing the harmonic 
structure, and actually takes on the overall shape of the bending magnet spec- 
trum. Of course, the process we are considering here is the undulator (spectrum 
full of structure) changing into a multipole wiggler (smooth bending magnet type 
spectrum). The change from one type of insertion device to the other is gradual 
and there is clearly an intermediate state in between. The intrinsic interference 
effects still present in large K multipole wigglers near its fundamental and low 
harmonics are often neglected as they are generally so far away from the spectral 
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0 10 20 30 40 50 60 

Frequency (arb. units) 

Fig. 4.3. Schematic illustration of the relationship between the electric field 
experienced by the observer and the radiation spectrum for an undulator 
with K < 1. 



region of interest but it should be remembered that they are always present to 
some extent. 



4.3 Undulator Angular Flux Distribution 

We need to return to some earlier results so that we can consider the angular 
flux density produced by a periodic magnet. If we recall from (2.28) that in 
the general case the spectral angular distribution of the energy radiated by an 
electron is 



d 2 W 
dfl du> 



2e 0 cR 2 \E{u>)\ 2 



and substitute in our earlier expression for E(uf) from (2.19), remembering that 
this has already assumed the far-field case that R does not vary with time, then 
we have 
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Fig. 4.4. Schematic illustration of the relationship in an undulator between 
the electron beam angular excursion, the electric field experienced by the 
observer, and the radiation spectrum for K 1 with the observer on-axis. 



d 2 W 
dil duj 



= 2eo cR 2 



e 2 u > 2 



ecu 



(n x (n x /3))e 






47r\/27r ceoR J - 

/ oo , 

(n x (n x /3))e iu;(t ' + ^ 1) dt' 

-OO 



(4.6) 



167T 3 C£o 

We can change the term in the exponential by substituting in eqn (2.22) 

, R(t') , n ■ x n r 

t' + — — = t’ + 

c c c 

but again we can disregard the n-x/c part as in the far field it represents a fixed 
phase shift (the time taken to travel between the origin and the observer) . This 
leaves us with 



d 2 W 



e 2 u > 2 



(n x (n x /3))e* a,( ^ t 



'dt' 



(4.7) 



dfl dui 16n 3 ceo 

Now, since we are dealing with a periodic magnet (with N periods) we can 
split up this integral as follows [29] 
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Fig. 4.5. Schematic illustration of the relationship in an undulator between 
the electron beam angular excursion, the electric field experienced by the 
observer, and the radiation spectrum for K 1 with the observer off-axis. 



d 2 W 
dil du> 



e 2 u> 2 



x„ 

" 2cp e 



(n x (n x (3))e l,u ’^ t ri c r ' ) dt! 



A„ 

2c/3< 



167r 3 ceo 

I 2 c(3 s 
\ u 

+ [ (n x (n x /3)) e * w ( t dt' + ... 



\ u 

2c(3 s 



...+ J ^ (n x (n x /3))e iw(t ' — ~+( Ar " 1 ) rft' 

~ 2c/3 s 



where d is the time between successive wavefronts (4.3) and so d/c is the time 
that one wavefront is ahead of the following one (or in other words is the phase 
difference in time between successive periods) and the integration limits are the 
time taken for an electron to travel between —\ u /2 and X u /2. 

Separating out these phase terms gives 
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d 2 W 
dfl du 



e 2 co 2 

16n 3 ceo 



2c/3 s 



2 c(3 s 



(n x (n x /3))e 






/ to’d i(N — l)ujd N 

x 1 + e c + . . . + e 



e 2 u 2 

167T 3 C£o 



2c$ s 



2c/3 s 



(n x (n x /3)) e *“( t n <= r ) df' 



1 + e <= + ... + e 






The final term in this equation is identical to that found in studies of diffrac- 
tion gratings [30] as the diffraction effects of a grating with N slits is extremely 
similar in many respects to emission from a periodic magnet with N periods. 
This ‘grating’ function, which represents the interference term for N periods, 
can be expressed as follows 



iujd. i(N-l)ujd 2 

1 + e c + ... + e 



sin 2 | 
sin 2 



Nujd \ 
2 c ) 





where oj\ is the angular frequency of the first harmonic. 

The maximum value for this function is N 2 and this occurs when u>/ui\ = 
1,2,3,... (these are known as the principal maxima in diffraction optics). For 
interest we note that there are N — 1 minima and N — 2 secondary maxima 
between successive principal maxima. An example of this function is plotted for 
N = 5 in Fig. 4.6. 

We will now focus on the shape of this function close to the harmonics. 
First we will normalize the function by dividing by N 2 , then we will consider 
frequencies near to the harmonic, u> = nui± + A u>. This is the so-called lineshape 
function and interestingly, for large (and realistic) values for the number of 
periods ( N > ~ 10), it is independent of the number of periods. We will denote 
this new function as L(N Acc/wi), 



L ( -/VAuA _ sin 2 (^f^) 

V Wl / A 2 sin 2 

The lineshape function is plotted in Fig. 4.7. We can see that this function drops 
to half its maximum value when NAu>/u>i ~ 0.5 and so we can take the (full 
width half maximum) bandwidth of the n th harmonic at frequency u) n = nui\ to 
be 
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<y/o.)| 

Fig. 4.6. The undulator interference term (‘grating function’) for N = 5. 




NAcolcOi 

Fig. 4.7. The undulator lineshape function plotted for N = 20. 



A u> 1 
u> n nN 

in agreement with the result found earlier (4.5) from a simple interference con- 
straint argument. 

Getting back to our original expression for the spectral angular distribution 
of the energy radiated by an electron during one passage through the undulator, 
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Fig. 4.8. The undulator geometry used for the angular flux analysis. 



we now have that 



d 2 W 
dil du 



e 2 io 2 N 2 / NAu>\ 

167r 3 ceo \ u>i J 



' 2cp s 



(n x (n x /3))e z “^ <= ^ dt' 



(4.8) 



To solve the integral we will have to spend a little time reducing it into something 
more manageable. First we will start with the cross product part. From the 
geometry (Fig. 4.8) we know that the unit vector n is 



n = (sin 6 cos </>, sin 9 sin q i, cos 9) , 

which we will simplify with the usual small angle approximation to 

n = (9 cos cj), 9 sin </>, cos 9) . 

Since we are assuming that the undulator only has a vertical magnetic field 
on-axis (planar geometry) then there is no vertical component to the electron 
velocity and (3 is 



where 



f3 = ((3 x ,0,(3 s ) 



(4.9) 
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- I< 2 f 4tts\ 

A = A __ c „^_j 



from (4.1) and (4.2). 

Or, using the variable 



W = 



27 r/3 s c 



we can express them as 



Px = — cos (Wt.) 

7 

Ps = Ps - Y~2 COs(2bbt) . 

47^ 

For the triple vector product we will again make use of the identity first 
encountered in Chapter 2 



n x (n x (3) = (n ■ (3)n — (3 



and so 



n ■ (3 = /3 X 0 cos 4> + fis cos 9 
(n ■ (3)n = {9 cos </>, 9 sin 4>, (i s ) 

(n ■ /3)n — (3 = (9 cos p — p x , 9 smcj),0) , 

where terms of order 9 2 and above have been dropped. 

To calculate the exponent we will need r, the path of the electron 



r = (x,0,s) 

/ Kc - K 2 c \ 

= \W Sin(m) ’ °’ Cl3st - sin(2m) J 

from (3.3) and the integration of (4.2). Now, the dot product is simply 

n ■ r = x9 cos <f> + s cos 9 
and so the exponent from (4.8) is 



u>(t — (n ■ r)/c) = cot — 



cox9 cos p 00 s cos 9 



u)9 cos p Kc . /rrr , locos 9 ~ 

= ut sin (Wt) Cp s t 

c 7 W c 
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to cos 9 K 2 c 
~ 87 2 W 



sin(2 Wt) 



a uOcosSK . . , ojcosOK 2 . . . 

= wf(l - /3 s cosd) — sm(Wt) + — — — 5-sm(2 Wt). 

W 7 8 W 7 2 

We saw earlier that for large N it is only the harmonics that contain significant 
intensity, so the integral only needs to be evaluated at these discrete harmonics, 
i.e. when u> = nw 1 



and inserting the interference condition for Ai from (4.1) gives 



(K/Ps) - A u cos 8 
nW 

1 — /3 s cos 6 

Alternatively, inserting the undulator equation (4.4) gives the equivalent result 



2nWj 2 



2nWj 2 



where 



1 + A' 2 /2 + 6» 2 7 2 A 



A = 1 + K 2 /2 + 0V . 



We will now insert these discrete u> values into the exponent term 

, , w . Tir 2nW^ 2 OcospK . /TI , . 2nW^ 2 cos6 K 2 . , 

u{t - (n ■ r)/c) = nWt — ^——sm(Wt) + — j — sm(2Wf) 



where 



= nWt - X sin (Wt) + Y sin(2Wi) , 



2nj6K cos <j> 



4 A ' 



We can reduce the exponential to something more digestible now with the 
use of the Bessel function relationship 



= J2 J p( x ) e 



and so 
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e ui(t-(n-r)/c) _ e i(nWt-X sin(Wt)+Y sin(2Wt)) 

ginWtg— iX sin(Wt)^iY sin(2 Wt) 

+oo +oo 

= e inWt J P '(X)e~ ip ' wt E J P {Y)e 2ipWt 

p'=— oo p=—oo 

+oo +oo 

= E •vm E J p (Y)e iWt ^ n ~ p+2p ) 

p' — — oo P- — OO 



Therefore (4.8) becomes 



d 2 W 
dQ duj 



e 2 u> 2 N 2 / NAu>\ 

167r 3 ceo \ oj\ J 



+oo 



+oo 



Y E J P ( y ) 



2c/3 s 



2c$ s 



{9 COS <t>-p x ,9 sin <l>, 0 ) e iWt(n- P '+2 P ) dt . 



where the two non-zero terms in the integrand represent the amplitudes polarized 
horizontally and vertically. Since the integral is over one full period it will in 
general be equal to zero (remembering that the exponential can be expressed 
in sine and cosine terms) . It is non-zero when n — p' + 2p = 0 for the terms 
which are independent of t and equally it is non-zero when n — p' + 2p = 1 or 
n — p' + 2p = —1 for the 0 X term. 

Taking the vertical case first, the exponential term is equal to unity and so 



d 2 W 
dfl du 



e 2 io 2 N 2 / NAuj 

167r 3 ceo \ u>i 



Eflgin 

Cp s 



E Jn+2 P (X)J p (Y) 

p=— oo 



Using the result from (4.10) and noting that A u /c$ s = 2n/W we get 



d 2 W 
dil dio 



e 2 n 2 N 2 q 2 / N Aui 
47reocAl 2 \ uq 



+oo 



2 70 sin <j) E Jn+2 P (X)J p (Y) 

p=— oo 



(4.11) 



The horizontal case for the 9 cos <f> term gives a similar result but we also need 
to include the (3 X term for when n — p' + 2p = ±1. This is fairly straightforward 
and comes out as 
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d 2 W 
dFl duj 



e 2 n 2 N 2 7 2 ^ / NAu> 
AireocA 2 \ to i 



2y 9 cos 



+ OO 

E Jn+2 P (X)J P (Y) 

p = — 00 



+00 



+00 



-Jv( E J n+ 2 p _ 1 (X)J p (F) + E J n+2p+1 {X)J p {Y) 



2 

(4.12) 



Although the infinite sums in the angular flux density equations (4.11 and 
4.12) look rather daunting, in fact they are not too hard to calculate to good 
accuracy. In most circumstances the first ~ 10 terms about zero are more than 
enough to give adequate accuracy. The intensity for the first four harmonics is 
shown in Fig. 4.9. Note that in the horizontal plane there are n peaks and that 
on-axis there is zero intensity for the even harmonics. Remember when looking 
at these plots that they are not at a fixed photon energy or wavelength. They 
illustrate how the flux density for each harmonic varies with observation angle 
but the wavelength is also changing according to the undulator equation (4.4). 



4.3.1 On-Axis Flux Density and Flux in the Central Cone 
We will now look at the particular case of the on-axis energy density (0 = 0). 
All of the terms become easier to handle immediately. First there is no vertical 
contribution and so all of the radiation emitted on-axis is horizontally polarized. 
We also have that 



X = 0 

nK 2 nK 2 

~ ~4A~ ~ 4(1 + K 2 /2) ' 



The Bessel function sum also becomes more straightforward as Jfc(0) is only 
non-zero (and equal to unity) when k = 0. As a consequence of this 

±1 — n 



and since we know that p is an integer we can now say that n must be odd and 
thus there are no even harmonics observed on-axis. This reinforces the assertion 
made in Section 4.2 that was based on a purely physical argument. 

The spectral angular energy density on-axis is therefore 



d 2 W 
dfl dtu 



e=o 



e 2 n 2 N 2 j 2 / NAu> 
AireocA 2 \ uq 



-k (j (1 -„ )/2 (y) + j ( _i_ n) / 2 on)| 2 . 



The Bessel function relationship 



J. k (x) = (-1 ) k J k (x) 



can be used to rewrite this as 
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(a) 




yy' 



(b) 
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Fig. 4.9. The undulator angular flux density (relative) of the first four harmon- 
ics for K = 1. 



d 2 W 
d£l dto 



0=0 



e 2 n 2 N 2 Y 

47reo cA 2 



L 



NAlo 
v 1 



\K (J {n+1)/2 (Y) - J {n _ 1)/2 (Y))\ 



where the alternating signs in the modulus have been removed for clarity, without 
any loss of accuracy. This equation is often written in an alternative form 



d 2 W 



e 2 N - V / NAto 



0=0 



47TC0C 



-L 



i 



F n {K) 



dVt dto 
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(c) 



C/3 



(d) 




Fig. 4.9. Continued. 



where 

n 2 K 2 9 

Fn{K) = (l + K 2 /2) 2 ^)/ 2 ^ - J (n-D/i{Y)) ■ 



The function F n (I\) is plotted in Fig. 4.10 for different n values. 

The energy emitted per electron per pass can readily be converted into an 
on-axis angular power density by multiplying by the number of electrons per 
second (/(,/e, where /{, is the beam current). This gives 
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Fig. 4.10. The on-axis angular energy distribution function, F n (K ), plotted for 
different undulator harmonics. 

dilaui g=0 47reoC e \ ui\ J 

Again this can be converted into a number of photons per second by dividing by 
the energy of each photon (hu:/ 2 tt). The result will be expressed in terms of a 
relative bandwidth ( dto/ui ) in this case. 

d 2 N e 2 lV 2 7 2 I b 2w L {NAu\ f 

dVLdto/u) 6=0 47reoC eh \ u>\ J n 

In practical units this gives the number of photons per solid angle per second 
on-axis for a planar undulator as 

= 1.74 x 10 14 N 2 E 2 I b F n {K) (4.13) 

e=o 

in units of photons per second per mrad 2 per 0.1% bandwidth. For our 50 mm 
period example undulator with K of 3 and 100 periods we will have an angular 
flux density on the first harmonic of 8 x 10 17 photons/s/mrad 2 /0.1% bandwidth 
with a 300 mA electron beam current of energy 3 GeV. 

We saw earlier that the flux on-axis was confined to a central cone of angular 
dimension approximated by a Gaussian of standard deviation, cr r > = \J X/L . We 
also argued in Chapter 2 for bending magnet radiation (2.40) that the flux per 
solid angle is related to the flux per solid angle on-axis by 

dN _ dN f 9 2 \ 

dn ~ dfi 0XP \ 2<j 2 ) ‘ 

0=0 v r 2 



dN 

dfl 
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This also holds true for undulators and so integrating over all angles gives 



N = 2i ra 2 



dN 

dfl 



0=0 



and so 



N = 



2ttX e 2 N 2 j 2 lb 27 r Aw 
L 4tte()C e hu) 



F n (K) . 



Inserting the undulator wavelength equation and remembering that the fine 
structure constant, a = e 2 /2cheg, gives 



N = anN— Qn{K ) , 

e u> 



(4.14) 



where 



1 _i_ K 2 12 

Qn(K) = — f -F n (K) 

n 

In practical units of photons per second per 0.1% bandwidth this gives the flux 
in the central cone as 



N= 1.43 x 10 14 NIbQ n (K) 

The function Q n {K) is plotted in Fig. 4.11. For our example 50 mm period 
undulator with K of 3 and 100 periods we will have a flux on the first harmonic 
of 4 x 10 15 photons/s/0.1% bandwidth, this compares with the typical flux from 
a bending magnet (2.39) of ~ 10 13 . As the K of an undulator is varied both 
the photon flux in the central cone and the photon energy changes. A graph 
of the relationship between the flux and the photon energy for our example 
undulator is given in Fig. 4.12 for the first three odd harmonics. Plots such as 
this display the tuning curve of the undulator and they are easily misinterpreted. 
The tuning curve shows how the flux varies with the photon energy but this does 
not mean that all of this flux is available at the same instant. It is important to 
remember that the undulator spectrum is in fact made up of discrete harmonics 
whose photon energies depend upon the K value that is set (or equivalently, 
the magnetic held value). The tuning curve traces out how the peaks of the 
harmonics move as the K parameter is varied, so in a sense they show the 
potential of a particular undulator at every energy, so long as the appropriate K 
value is selected. 

Intriguingly this peak flux from an undulator does not occur at an exact 
harmonic wavelength. In fact the peak flux wavelength, A pea k, must be slightly 
detuned away from the harmonic by a small amount such that 
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Fig. 4.11. The on-axis flux function, Q n (K ), plotted for different undulator 
harmonics. 




Fig. 4.12. The flux as a function of photon energy for a 50 mm period undulator 
with 100 periods and K of 3. The electron beam has an energy of 3 GeV and 
a beam current of 300 mA. 



A - Xl 

Apeak - n(1 _ l/nN) ■ 

The detune change is small. Again a 50 mm period undulator with 100 periods, 
which has a first harmonic wavelength of 3.99 nm, will actually have the peak 
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flux in the central cone at the slightly longer wavelength of 4.03 nm. 

This surprising result is due to the fact that the exact harmonic wavelength 
on-axis can only receive contributions to the total flux from higher angles, 
whereas the detuned, longer wavelength has a hollow cone and so can receive 
contributions from both higher and lower angles. Since the cone is hollow, with a 
very distinct dip on-axis, the increased flux does not necessarily imply a brighter 
source. The exact harmonic actually has half the total flux in the central cone 
when compared with the detuned source [16] . However, it does have a peak of in- 
tensity on-axis and an approximately Gaussian shape of reduced angular width, 
equal to ay = A/2 L. The flux density as a function of angle for our example 

undulator at the first harmonic and slightly detuned away from it is given in Fig. 
4.13. 

4.3.2 Polarization Characteristics of a Planar Undulator 

The horizontal and vertical components of the electric field, (4.11) and (4.12), 
both have the same phase, implying that the radiation is linearly polarized at all 
angles in a planar ( B x = 0) undulator. However, the angle of the polarization, 
T (given by the ratio of the electric fields) does depend upon the observation 
angle [31] 



tan * = 

2^9003^ Jj(X)J p (Y) - I< Jj-i(X)J p (Y) +J2 Jj+i(X)J p (Y)) ’ 

where j = n + 2 p. This is illustrated for the first four harmonics in Fig. 4.14. 
The polarization is oriented almost entirely in the horizontal plane for the odd 
harmonics near the central axis. At larger observation angles the plane of the 
polarization rotates with the azimuthal angle, </>, although it is always horizontal 
on the x- and y-axes. The even harmonics have the interesting feature that the 
radiation is vertically polarized on the y-axis. 

4.4 Undulator Brightness 

As discussed in Section 2.4.4 the brightness of a source is the phase space density 
of the photon flux (i.e. the photons per unit solid angle per unit solid area). It 
is often encountered in geometric optics where it is widely used because, like 
the flux, it is a quantity which is invariant in an optical beam transport system 
(i.e. it does not change with longitudinal position), unlike angular flux density, 
for instance. The brightness, therefore, is a true measure of the properties of a 
source and so sensible source to source comparisons can be made. Note that the 
term brilliance is sometimes used, especially within Europe, instead of brightness. 
Indeed the term brightness is occasionally used instead to represent the angular 
flux density! The best way to be sure of what an author means by these terms 
is to refer to the units, which should be unambiguous. 

The phase space area for the single electron-photon source is the product 
27royoy, where ay is the spatial source size. The value of this product has been 
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Fig. 4.13. The flux density as a function of angle for the first harmonic at (a) 
the exact harmonic wavelength (3.99 nm) and (b) slightly detuned away from 
it (4.03 nm). The undulator has a 50 mm period, 100 periods, and K = 3. A 
300 mA filament electron beam of energy 3 GeV has been assumed. 



found by approximating the undulator source to the fundamental mode of an 
optical resonator (Gaussian laser mode) [32] . In this case the phase space area is 



2 7T (T rp (J ip I 



A 

2 



(4.15) 



and so for the peak flux condition 
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Fig. 4.14. The plane of polarization for the first four harmonics of a planar 
undulator with K = 1 as a function of observation angle. The circles represent 
contours of 7 9 and the direction of each bar represents the angle of the 
polarization. 



(J f 



47T 



(J r f = 




Our example undulator, which has a fundamental wavelength of 4 nm and a 
total length of 5 m has an approximate source size and divergence of 11 pm and 
28 prad, respectively. 
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Fig. 4.14. Continued. 

Since the electron beam is also described by a Gaussian distribution (the 
electron beam is far closer to a true Gaussian than the photon beam!), with 
source sizes of a x and a y and divergences of a x > and ay, it is straightforward 
to include the electron beam contribution to the overall source brightness. We 
calculate the effective horizontal and vertical source size and divergences to be 




V ° r 
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Fig. 4.15. The brightness as a function of photon energy for a 50 mm period 
undulator with 100 periods and K of 3. The electron beam has an energy of 
3 GeV, beam current of 300 mA, and beam dimensions a x = 100 /im, <r y = 
10 /im, a x i = 20 /trad, and oy = 2 /trad. 



= yj a 2 x , + < 7,2 
E y' = yj a l> + ■ 

The undulator brightness, B, is simply the flux in the central cone divided 
by the phase space volume described by these effective source dimensions 



B = 



N 

4n 2 Y, x Y,yY, x 'Y,y> 



(4.16) 



If we calculate the brightness for our example undulator with electron beam 
dimensions of a x = 100 /tm, a y = 10 /tm, oy = 20 /trad, and oy = 2 /trad the 
brightness is 7 x 10 19 photons/s/mracl 2 /mm 2 /0.1% bandwidth. A graph showing 
how the brightness varies with photon energy for our example undulator is given 
in Fig. 4.15. 

It should be noted that since the brightness is only an estimation (primarily 
because the photon beam distribution is non-Gaussian) there are alternative, 
equally valid, versions of eqn (4.16) in the literature. A nice summary of alterna- 
tive expressions is given in [33] . The differences are in the exact definitions of oy 
and oy/ with alternative coefficients being included. The final difference to the 
brightness calculations of real undulators is generally small but it does explain 
why comparisons between alternative light sources can occasionally be confusing! 
A numerical approach to finding the equivalent Gaussian photon beam source 
size and divergence has been taken by one author [34]. He has shown that the 
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Fig. 4.16. The phase space volume of a light source (d^E^E^E^/Ey) with 
electron beam dimensions a x = 100 /ini, a y = 10 /tm, ay = 20 /trad, and ay 
= 2 /trad, as a function of wavelength. An undulator length of 5 m has been 
assumed. 

amount of detune has a significant effect on these values and that, as expected, 
the minimum photon beam emittance ( ay ay') is at zero detune. 

Modern light sources all strive to reduce the electron beam emittance as it 
impacts so directly on the undulator source brightness. The only circumstance 
when there is no advantage to be gained from reducing the electron beam dimen- 
sions is when ay ay y and a r > oy y . Since the photon beam dimensions are 

wavelength related this situation always occurs at some photon energy in any 
light source. In these circumstances the source is said to be diffraction limited 
and the brightness cannot be increased any further (other than by increasing 
the electron beam current). In fact, due to the properties of electron beams in 
storage rings, which always have a far greater horizontal than vertical emittance 
(typically 100 times greater) the photon source does remain diffraction limited 
in the vertical plane to shorter wavelengths than in the horizontal plane. Many 
experiments are designed to take advantage of this reduced source size and di- 
vergence in the vertical plane. Fig. 4.16 shows the phase space volume of a high 
quality third generation light source as a function of wavelength. 

It is a common misconception that the flux from undulators scales with N and 
that the brightness scales with N 2 . The first remark is correct (coming directly 
from (4.14)) but the second is misleading. At first glance it would appear that 
the brightness scales with N only as it is proportional to flux. However, since 
the photon divergence is proportional to 1/ y/N, if the electron beam divergences 
are both much smaller than ay/ and so E x /y ~ cy then the brightness is indeed 
proportional to N 2 . In other words, the brightness does depend on the number 
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of periods but the exact dependence changes with the electron beam properties 
and the photon wavelength. 



4.5 Coherence of Undulator Radiation 

Any experiment that involves interference of light beams requires coherence in 
these beams. The availability of high brightness synchrotron radiation from the 
latest generation of light sources means that there are additional opportunities 
for exploiting the coherent properties of the radiation. A simple discussion of 
undulator coherence is given here, a more rigorous discussion can be found in [32]. 



4.5.1 Temporal Coherence 

For interference effects to occur there must be a definite phase relationship be- 
tween two light beams. This phase relationship can be in either time or position. 
If we consider a monochromatic wave being emitted by a point source then the 
phase difference between two fixed points along this wave will be constant with 
time. This is the condition for perfect temporal (or longitudinal) coherence. This 
property is used when a beam is split into two parts and later recombined to 
form interference fringes in a Michelson interferometer, for example. 

The coherent time, At, is simply the reciprocal of the frequency bandwidth, 
Av, of the light 



The distance light travels in this time is called the coherence length, and this can 
be expressed in terms of the wavelength of the light 



cAt = 



Ar 



A^ 

AA ' 



We can see that the coherence length is dependent upon the monochromaticity 
of the light. Although undulators produce light in fairly narrow band widths 
the output is almost always conditioned by a monochromator to narrow the 
bandwidth further. So, the coherence length can be increased if necessary by 
narrowing the bandpass of the optical system, but at the expense of flux of 
course. 



4.5.2 Spatial Coherence 

If we again consider a monochromatic wave of plane wavefronts passing two 
fixed points in a plane normal to the wave direction, then if the phase differ- 
ence between the two points is constant with time we have the condition for 
perfect spatial (or transverse) coherence. This property is used when we combine 
beams from two different points on a wavefront in a Young’s slits experiment, 
for example. 

In the simplest mode of a laser (known as the TEMoo mode) the flux density 
across the beam is approximately Gaussian, with no phase differences and so 
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Fig. 4.17. The fraction of the flux that is spatially coherent for an electron 
beam with dimensions <j x = 100 pm, a y = 10 pm, a x > = 20 pracl, and oy 
= 2 pracl, as a function of wavelength. An undulator length of 5 m has been 
assumed. 



the beam is fully spatially coherent [30]. In fact, we have already approximated 
the undulator radiation to this mode when we considered undulator brightness 
in Section 4.4. The phase space area due to this single electron source (4.15) is 
A/2. To find how much flux from an undulator is spatially coherent, F co h, we 
need to calculate how much of the flux is emitted from this diffraction limited 
phase space area. This is simply the product of the undulator brightness, B , and 
the phase space area squared (squared because there is a horizontal and vertical 
phase space contribution) 



F »- = B (i ) 2 ■ 

The ratio of the coherent flux to the total flux, F to tai, is found by using (4.16) 
F c oh = / 1 \ 

Ftotal V 47r / y^x^y^x'^y' ) 

and is obviously closely related to the phase space volume of the light source 
discussed in Section 4.4 and illustrated in Fig. 4.16. The fraction of the flux that 
is spatially coherent for the same example is given in Fig. 4.17. 

Occasionally the coherence of undulator radiation has caused problems for 
experiments. Unwanted interference effects can occur, such as ‘speckle’ for in- 
stance. In these cases efforts have been made to decohere the beam with an 
element in the beamline, such as a rotating piece of wood! 
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4.6 Near Field Effects 

In Chapter 2 the electric field at the observer due to an electron moving on an 
arbitrary path was derived (2.16) 



e /c(l — /3 2 )(n — (3) nx((fi-/3)x/3)\ 

47rceo y f? 2 (l — n • /3) 3 R(l — n ■ /3) 3 J 



It was then noted that the first term (sometimes called the velocity term) varied 
with l/R 2 whereas the second term (sometimes called the acceleration term) 
varied with 1/i? and since i? (the distance to the observer) is in general large 
we chose to neglect the velocity term from then on. Furthermore, to simplify the 
Fourier transform of the electric field, we made the assumption that R did not 
vary with time ( dn/dt = 0) leading to eqn (2.19). This result was used to derive 
the synchrotron radiation produced by both bending magnets (Section 2.4) and 
undulators (Section 4.3). The assumptions used are valid for the far field case 
but when the observer is close to the source then they are no longer valid and 
near field effects can become important. 

The near field effects were first considered in undulator calculations in terms 
of the amplitude of the radiation [35] . A second study also considered the effect 
of variable path lengths to the observer along the length of the device in terms 
of phase and interference effects [36]. Given the near field geometry of Fig. 4.18, 
which differs from our previous assumption, in that the rays travelling towards 
the observer are no longer parallel (compare with Fig. 4.1), the path length 
difference introduced by the observer not being at infinity is to the first order 

T 2n2 

PR- PQ ~TR-TS ~ — — . 



If we introduce the parameter, W, given by 



W = 



L 2 9 2 

2XD 



then we can see that this path difference is equal to a n/2 phase change at the 
output wavelength (i.e. A/4) when W = 1. The criteria that W > 1 has been 
suggested as a criterion for observing near field effects in off-axis radiation [36] . 

A similar approach to that used in Section 4.1 can be used to find the effect 
on the spectral width and also the angular spread. The results being 

AA _ W 
~~Nn 

and 



A 0 2 = W 



2A 

~NXu ' 



In each case there is a factor W now included that will increase both the spectral 
width and the angular spread if it is greater than unity. As an example, for an 
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Fig. 4.18. Sketch of the undulator geometry in the near field case. 

undulator of length 5 m, with period of 50 mm, I\ value of 3, electron energy of 
3 GeV, and with the observer 25 m from the source the angle at which W = 1 
is ~ 90 /rrad. Although this angle is about three times greater than the angular 
spread of the first harmonic, it is still a surprisingly small number for which near 
field effects can become relevant. It also disproves the popular misconception 
that since the observer is much farther away than the length of the source the 
near field effects can be neglected. 

Detailed analysis has also shown that in most circumstances (when R^> X u ) 
the velocity term in the electric field can still be neglected even when consider- 
ing near field effects. The principle effect predicted is that as W increases the 
undulator harmonics broaden and develop an oscillating structure on the peak 
and this has indeed been observed in practice [37]. Very similar patterns are 
observed in Fresnel diffraction of light by a slit [30], which is perhaps not too 
surprising when we remember that this effect is characterized by the source or 
the observer, or both, being at a finite distance from the slit. The alternative, 
Fraunhofer diffraction , is equivalent to our far field case. More dramatic effects 
are predicted off-axis (though still at relatively large angles) when the source 
to observer distance becomes very short, with the energy spectrum becoming 
smoother over a wide range and the harmonics standing out less [38]. How- 
ever, close to the axis it is rarely necessary to include near field effects unless 
some unusual configuration is being considered. Even the 30 m long undulator in 
SPring-8, which has the observer only 50 m away, has negligible near field effects 
on the radiation close to the axis [39] . 

A number of computer codes have been produced, which correctly calculate 
the electric field and also include the variation in the angle between the elec- 
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tron and the observer, and so they are able to accurately account for any near 
field contributions [40,41]. Because of the fundamental nature of the equations 
that they solve they are able to calculate the synchrotron radiation emitted by 
electrons travelling through arbitrary magnetic fields. 




5 



Computation of Synchrotron Radiation 

In the preceding chapters we have generated several equations describing the 
properties of synchrotron radiation from bending magnets, wavelength shifters, 
multipole wigglers, and undulators. One of the best ways of gaining a real insight 
into what these equations actually represent is to look at real examples and to 
vary the input parameters to get a feel for how the output changes. The reader 
is encouraged to do this whenever possible to reinforce the examples that are 
given in the text. This chapter explains possible approaches to the numerical 
calculation of synchrotron radiation emission and also gives some examples of 
where calculations have been compared with actual measurements. 



5.1 Bending Magnets 

In Chapter 2 we covered the fundamentals of synchrotron radiation emission 
and bending magnet radiation in particular (Section 2.4). We derived equations 
for angular flux density (2.35), vertically integrated flux (2.39), vertical opening 
angle (2.41), total power emitted (2.43), power density (2.44), and so on. 

The only part of these equations that is numerically challenging to calculate 
is the modified Bessel functions (e.g. A\/ 3 , K 2 / 3 , and K 5 / 3 ) and their integrals. 
Indeed, some appropriate numerical examples have already been provided in 
Table 2.1. Calculation of these Bessel functions for any arbitrary value is quite 
challenging and involves the numerical evaluation of infinite series. However, the 
advent of modern commercial mathematical software, as well as freely available 
library routines (which often now have Bessel functions built in), has removed 
the need for this anymore. Also, modern computer speeds ensure that solving 
the integral of a modified Bessel function can be done in real time. 

One calculation that is sometimes needed by accelerator designers is a rep- 
resentation of the quantum nature of synchrotron radiation. This can be useful 
when investigating longitudinal electron beam dynamics, when discrete energy 
changes to the electron need to be considered. Energy loss due to photon emis- 
sion or energy gain due to the passage of the electron through an accelerating 
radio-frequency cavity are occasions when the electron experiences step changes 
in its energy. Studying the quantum nature of the radiation emission is also use- 
ful for designers of charged particle colliders as the synchrotron radiation can 
be a serious source of background noise in the experiments and modelling of the 
tracks of individual photons through masks and collimators is often required. 
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Fig. 5.1. Horizontal phase space plot for a 2 T MPW with a period of 200 mm 
and 10 poles projected to the central plane of the magnet. The electron energy 
is 2 GeV with an rms horizontal beam size of 0.5 mm and a divergence of 
0.05 mrad. The plot is for a photon energy of 1 keV. 



What is needed is an algorithm that randomly selects appropriate photon ener- 
gies for emission but with the correct probability distribution function to match 
the bending magnet spectrum. One method that has been used is a Monte Carlo 
technique [42] though several others are possible. 

5.2 Undulators and Multipole Wigglers 

Since multipole wigglers are essentially an extension of bending magnet radiation, 
much of the same calculations apply. One area that is different though is the 
extended source length and the separation of the individual source points seen by 
the observer. One approach that has been used to look into how this might affect 
the source properties has been to trace back to the midplane of the multipole 
wiggler the position and angle of each emitted photon. A phase space plot of the 
position and angle for the multipole wiggler source can then be generated which 
can also include the electron beam dimensions [43] . These phase space plots can 
later be included in optical ray tracing codes that are used for beamline design 
(e.g. SHADOW [44]). An example of the horizontal phase space generated by a 
multipole wiggler is given in Fig. 5.1. The ten distinct poles of the wiggler can 
be seen in the plot at large angles. 

The calculation of undulator radiation is certainly more complicated and 
hence has been the subject of greater study. Two basic approaches have been 
used, numerical and analytical. The analytical approach assumes a sinusoidal 
magnetic field and that the observer is sufficiently distant from the undulator 
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that the far field case can be assumed. In this instance the equations derived in 
Chapter 4 for flux density (4.11, 4.12), flux in the central cone (4.14), and so on, 
are used. The influence of the finite electron beam dimensions and energy spread 
can also be included. A good example of an analytical code is URGENT [45]. 
Although the analytical approach makes several basic assumptions, they are 
generally valid and the software runs faster than numerical techniques. However, 
with the ever increasing computer power available, numerical codes are becoming 
more and more popular. These codes either solve the fundamental synchrotron 
radiation integrals (4.6) [46] or calculate the electric and magnetic fields seen by 
the observer in the time domain (2.16) and then apply a Fourier transform to 
calculate the radiation spectrum [28]. The advantage of the numerical approach 
is that actual measured magnetic fields can be used and that near field effects can 
be included easily. The main disadvantage, of course, is the time the calculations 
can take. Since the numerical codes essentially work from first principles they 
can be used for any arbitrary magnetic fields, not just undulators. 

5.2.1 Example Undulator Results 

We will now look at some illustrative undulator output, calculated using the an- 
alytical code URGENT. First, the effect of the electron beam emittance on the 
flux density as a function of angle is presented in Fig. 5.2, this can be compared 
directly with the result given earlier in Fig. 4.13 which was for an electron beam 
with zero emittance. We can see that the finite electron beam size and diver- 
gence has the predictable effect of spreading out the undulator flux in angle and 
smoothing out the structure that was present. 

It is also interesting to look at how the flux density varies with photon energy 
with and without electron beam emittance effects. This is illustrated for the first 
and ninth harmonics of our example undulator in Fig. 5.3. In general it can 
be seen that the inclusion of the electron beam size and divergence lowers the 
photon energies emitted overall (increases the wavelength). This is due to the 
6 2 term in the undulator equation (4.4). It is also clear that the effects at the 
higher harmonic are more dramatic in terms of the reduction in flux density. A 
wider view of the spectrum of the on-axis flux density is given in Fig. 5.4, this 
clearly shows some flux not only at the first, third and fifth harmonics but also 
at the even harmonics as well. If this plot is generated with an electron beam 
of zero emittance (filament beam) then no even harmonics are present at all, as 
discussed in Section 4.2. It is only the presence of finite emittance, which implies 
that not all the electrons are travelling directly along the observer axis and so 
are effectively emitting light off-axis (and so towards the observer), that creates 
the even harmonics in this graph. 

The effect of restricting the flux through a particular aperture is also useful 
to calculate as this can simulate photon beam transport lines and experiments. 
Again this is illustrated for different harmonics in Fig. 5.5. As the aperture size 
increases the peak flux increases to a maximum and also shifts slightly lower in 
energy, in line with the detune comments made earlier in Section 4.3.1. It can also 
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Fig. 5.2. The flux density as a function of angle for the first harmonic at (a) 
the exact harmonic wavelength (3.99 nm) and (b) slightly detuned away from 
it (4.03 nm). The undulator has a 50 mm period, 100 periods, and K = 3. 
A 300 mA electron beam of energy 3 GeV with beam dimensions a x = 100 
/jm, <jy = 10 /itn, a x t = 20 prad, and oy = 2 /irad has been assumed. 



be seen that the higher harmonic must have a narrower divergence since almost 
all of the flux at the peak energy gets through the smallest aperture illustrated. 
This is to be expected given that the divergence is proportional to \/A (see 
Section 4.1, for example). A wider view of the spectrum is given in Fig. 5.6. This 
shows the total flux emitted over all angles and also the flux emitted into a small 
angular aperture. Note that in this plot all of the harmonics that can contribute 
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Fig. 5.3. The flux density as a function of photon energy about (a) the first and 
(b) the ninth harmonics with and without electron beam emittance included. 
The undulator has a 50 mm period, 100 periods, and K = 3. 



at a particular energy have been included in the flux calculation. This was not 
the case for Fig. 5.5 where only the one harmonic contribution was included. This 
has the consequence that the values for the flux into all angles is significantly 
greater than the results shown in the previous plot, illustrating the point that 
many harmonics will contribute to the flux at a particular energy provided that 
large enough angles are used. This point is emphasized by the result for the 100 
x 100 /irad aperture, which is a small enough angular acceptance so as to restrict 
the flux contributing at each photon energy to a single harmonic. Even with this 
restricted aperture the even harmonics are clearly present, though at a lower 
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Fig. 5.4. The flux density as a function of photon energy with electron beam 
emittance included for the same conditions as Fig. 5.3. 



overall flux level than the odd harmonics. 

Finally, the interference effects that are present in multipole wigglers (where 
K >> 1) can also be examined. An example of this is given in Fig. 5.7 where 
the flux into a 200 by 200 ^rad aperture has been calculated for a device with 
K = 15. The result given by the analytical code for an undulator is compared 
with that given by a multipole wiggler spectrum, which is scaled from that of 
a bending magnet. It can be seen that there are strong interference effects at 
low energy but that the two calculations converge as the energy increases, this 
phenomena was discussed in Section 4.2. 

5.2.2 Comparison Between Theory and Experiment 

Accurate absolute measurement of insertion device angular flux density is diffi- 
cult because of the many components in the photon beamline, which can affect 
the result or at the least add to the uncertainty in the measurement. Examples 
of areas which can introduce errors include mirror reflectivity, monochromator 
transmission, slit width uncertainties, detector calibration, and so on. However, 
several groups have attempted to compare measurements of actual undulator 
output with theoretical calculations. In general the relative shape of the flux 
density as a function of photon energy is as predicted. Agreement in the abso- 
lute angular flux density to within about 10% has been achieved at the harmonic 
peaks [47]. Also the structure between the harmonics predicted by the theory has 
been reproduced though generally with not such good agreement. Very high order 
harmonics (beyond 30th) have been observed and good agreement with theoret- 
ical predictions again seen [48,49]. At these very high harmonics the predicted 
smearing of the spectrum into a smooth wiggler background is also observed. 
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Fig. 5.5. The total flux passing through different aperture sizes as a function of 
photon energy for (a) the first and (b) the ninth harmonics. The undulator 
has a 50 mm period, 100 periods, and K = 3. A 300 mA filament electron 
beam of energy 3 GeV has been assumed. 



Measurement of angular and spatial distributions have also been made [50]. In 
all of these measurements the exact electron beam dimensions are never known 
and so are treated as variables in the theoretical calculations to give the best 
fit to the experimental data. In this way, undulator spectral measurements have 
been used as a diagnostic technique for the stored electron beam properties. 

Multipole wiggler measurements have also been made. These show the pre- 
dicted qualitative properties of the smooth spectrum as a function of photon 
energy but again absolute measurements are difficult and agreement to within a 
few 10s of % is considered reasonable [51]. 
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Fig. 5.6. The total flux emitted over all angles and also passing through a 100 
x 100 /trad aperture (centred on the axis) as a function of photon energy for 
the same conditions as Fig. 5.5. A filament electron beam has been assumed. 



1E+15 




Photon energy (eV) 

Fig. 5.7. The flux which passes through a 200 x 200 /.trad aperture for an undu- 
lator with a 100 mm period, 45 periods, and K = 15. The dotted line is the 
flux for a multipole wiggler based upon the universal curve of a bending mag- 
net. Note that the flux calculation for the undulator mode was deliberately 
halted at high energy. 
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Generation of Polarized Light 

One of the many attractive features of synchrotron radiation (SR) is the po- 
larization of the light. This chapter will show that the electron beam can be 
manipulated using magnetic fields in the insertion device (ID) to produce any 
type of polarization required, from linear horizontal through to linear vertical 
or from left circular through to right circular. This feature of synchrotron radi- 
ation can be very useful for many different types of experiment, from the study 
of magnetic materials to chiral molecules. The exploitation of insertion devices 
that produce variable polarization has been one of the fastest growing areas of 
synchrotron radiation over recent years. 

In this chapter, we will first discuss a framework that is used to describe 
the polarization state, the so-called Stokes parameters. We will then explore the 
polarization properties of various types of insertion device, especially those that 
have been invented specifically to generate a particular type of polarization state. 
The actual alternative magnetic designs that have been proposed for each type 
of insertion device will be described in Chapter 7 for permanent magnet based 
solutions and Chapter 8 for electromagnet based solutions. 



6.1 Characterization of Polarization 

There are several formalisms that can be used to describe the polarization state 
of electromagnetic radiation. Naturally each has its own advocates, though as 
they are all equivalent it is necessary to only choose one system. Fortunately 
most of the insertion device literature has converged on the use of the Stokes 
parameters [52] and these are also used in some common insertion device codes 
[40,45]. 

The polarization of an electromagnetic wave is given by the relationship be- 
tween two orthogonal components of the electric field. If, as is usual, we describe 
the electric field by horizontal, E x , and vertical, E y , components such that 



E x = E Xo cos (u>t.) 

E y = E yo cos (u>t + 6) , 



then we can see that there are three independent parameters, the amplitudes 
(E xo and E yo ), and the phase difference, S. As mentioned in Section 4.3.2, when 
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the phase difference is zero the light is linearly polarized with an angle deter- 
mined by the relative electric field amplitudes. Alternatively, if the phase dif- 
ference equals 7 r /2 and E Xo = E yo then the light will be circularly polarized. 
However, since these three quantities cannot be measured directly, this partic- 
ular description of the polarization state is not very practical. The alternative 
Stokes description, which is based upon measurable quantities, is created with 
reference to linear erect ( I x and I y ), linear skew (/450 and /1350), and circular 
(Ir and Ir) intensities: 



50 — Ix + Iy — ^45° + -Tl35° — Ir + II 

51 = I x Iy 

52 = J45 0 — II 35° 

53 = Ir — II • 

Furthermore, these can be expressed in terms of the electric field components 
(which are complex quantities in general, hence the need for conjugates) [52] 

So = E X E* + E V E '* 

bi — E X E X - EyEy 

5 2 = E x E* y + E*E y 

5 3 = i(E*E y - E x E* y ) . 

The polarization rates, which are dimensionless quantities between -1 and +1, 
are given by 

Pi = S^So 
P2 = S2/S0 
P3 = S3/S0 - 

The total polarization rate is (Pf+Pl +P | ) 1 / 2 < 1 and the natural or unpolarized 
rate is given by P 4 = 1 — (Pj 2 + P| + P^) 1 / 2 . 

A figure of merit has been suggested [53] for comparing alternative sources 
of polarized light. This is the quantity IP 2 , which is the product of the total 
intensity, I , by the square of the desired polarization rate, P. As with many 
figures of merit, the applicability to a particular experiment should be carefully 
considered before applying it indiscriminantly. 

6.2 Bending Magnets 

We have already derived the horizontal and vertical electric field equations for 
an electron passing through a bending magnet, (2.26) and (2.27), and so we can 
write down the linear polarization rate as 
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\E 2 x \-\E 2 y \ 

1 4 + /, |£g| + \E%\ 

K 2 2/3 (G) (tV/(1 + 7 2 V’ 2 ))^ 1 2 /3 (G) 

* 2 2 /3 (G) + (r¥7(l + 7 2 V> 2 M 2 /3 (G) • 

Since E x is real and E y is imaginary (implying a 7t/2 phase shift between the 
two) we have the result that E X E* = —E*E y and so S 2 = 0. For the circular 
polarization rate we have S 3 = —2 $t(E x )Q(E y ) and so 

-2K 2/3 (G) ( 7^/(1 +7V) 1/2 )^ 1/3 (G) 

3 K% /3 (G) + ( 7 2 -0 2 / (1 + 7 2 ^> 2 ))A' 2 /3 (G) • 

In fact the sign of P 3 can be reversed by changing the sign of ip, which is practi- 
cally achieved by selecting radiation from below the horizontal axis rather than 
above it. In other words, both left and right circular radiation is available by 
changing the angle of observation. In contrast Pi > 0 (since I< 2/3 (G) > K 1/3 (G ), 
see Table 2.1) and so only linear horizontal radiation can be observed, not ver- 
tical. Finally, since the skew polarization rate, P 2 , is zero no polarization at 
45° will be observed, this also implies that the polarization ellipse always lies 
along the horizontal direction. The degree of linear and circular polarization as 
a function of vertical angle is shown in Fig. 6.1. 

It can be seen that the circular polarization rate on the horizontal axis is zero 
and increases towards 1 at large observation angles. We should remember that 
the photon intensity has the opposite shape to this, with a maximum on-axis 
and falling to zero as ip increases (Fig. 2.8). So, although bending magnets do 
produce circular polarization, which is certainly utilized at many synchrotron 
radiation laboratories, the intensity must always be compromised compared to 
the on-axis one. In fact, many experimenters are willing to accept a poorer 
circular polarization rate by increasing the beamline acceptance or reducing the 
observation angle for the advantage of higher intensity on the sample. 

The polarization characteristics of a bending magnet can be understood qual- 
itatively by considering the electron trajectory as seen by an observer (Fig. 6.2). 
First, if the observer is in the plane of the horizontal axis (ip = 0), as the electron 
passes through the bending magnet he will simply see the electron move across 
the horizontal axis in a straight line. Hence at this point he will receive only 
linear horizontal polarization. Now if he observes from above the axis (ip > 0) he 
will again see the electron pass across his field of view but this time it will have 
a degree of curvature as well and with an anticlockwise direction, say. Hence he 
will see a combination of linear and circular polarization. As ip increases the cur- 
vature of the trajectory appears to increase and so does the circular polarization 
rate. Now, if he observes from below the axis (ip < 0) he will again see the curved 
trajectory but this time the direction will appear to be reversed (clockwise, say) 
and so the circular polarization will have changed handedness. 
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Fig. 6.1. The (a) linear and (b) circular polarization rates for a 1.4 T bending 
magnet as a function of vertical observation angle at various relative angular 
frequencies. The electron energy is 3 GeV. 



All of these results and explanations assume a zero emittance electron beam 
and a very small collection angle. In reality, the finite electron beam size, di- 
vergence, and realistic beamline apertures will have the effect of diluting the 
polarization rates observed. 

6.3 Conventional Planar Insertion Devices 

As conventional undulators and multipole wigglers cause the electrons to oscillate 
in the horizontal plane the radiation polarization is again linear horizontal when 
observed on-axis. Away from the axis the undulator and multipole wiggler behave 
differently. We saw in Chapter 4 that the radiation from a conventional planar 
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Fig. 6.2. Sketch of the exaggerated electron trajectory seen by an observer as 
his observation angle changes. 



undulator is always linearly polarized no matter what the observation angle but 
that the inclination of the polarization depended upon the harmonic number and 
K value as well as the horizontal and vertical observation angles. There are no 
simple analytical expressions for P\ and P2. 

For a multipole wiggler, which can be considered as a series of alternating 
polarity bending magnets, there is no skew linear component (P2 = 0) and so all 
of the linearly polarized radiation is in the horizontal plane. More importantly 
though, there is no circular polarization present either (P3 = 0). This can be 
explained by again considering what an observer would see of an electron tra- 
jectory when viewed vertically off-axis. In this case, over one wiggler period, he 
will not just see an electron make an arc in a clockwise direction but he will also 
see an equivalent arc in an anticlockwise direction. Therefore, the right circular 
radiation produced by one sweep will be exactly cancelled by the left circular 
radiation made in the opposite sweep. In other words, the incoherent sum of the 
left and right circular radiation will be equal to zero. The radiation generated by 
a multipole wiggler, which is not linearly polarized will be unpolarized (P4 7^ 0) 
in contrast to a bending magnet. 



6.4 Asymmetric Wigglers 

To overcome the problem of multipole wigglers not generating any circularly po- 
larized light two solutions have been employed. The first is the so-called asym- 
metric wiggler. As the name implies, this wiggler no longer has a symmetric 
magnetic field in the longitudinal direction. Rather it has a large positive field 
over a short distance followed by a smaller negative field over a longer distance 
so as to have a net zero integrated field per period. In this case then the circular 
polarization contributions of the two poles are not equal and so although the 
cancellation effect still occurs there is a resultant net circular polarization rate 
off axis. 
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Fig. 6.3. Magnetic field profile of an (idealistic) asymmetric wiggler compared 
with a conventional multipole wiggler. 



As an example we will compare the conventional multipole wiggler that was 
used in Fig. 3.1 with a modified (idealized) asymmetric version (Fig. 6.3). If we 
plot the vertical magnetic field as a function of the electron angle through the 
wigglers then the effect of the asymmetry becomes more obvious (Fig. 6.4). If 
the observer is at zero horizontal angle then in the conventional magnet he will 
see contributions from a +2 T pole and a -2 T pole giving perfect cancellation of 
the circular polarization. However, in our asymmetric example he will see a +2 T 
pole and a -0.7 T pole whose contributions will not cancel and he will see a net 
circular polarization when he observes from above or below the vertical axis. The 
circular polarization rate as a function of photon energy for this wiggler is given 
in Fig. 6.5. Note that the polarization rate changes sign as the photon energy 
increases because at low energies the weaker pole makes a larger contribution 
than the stronger pole with the opposite being true at high photon energies. Also 
note that as the relative magnetic field strengths change with horizontal angle 
then so does the circular polarization rate. Of course, the rate will also vary with 
vertical angle as for the bending magnet. Examples of asymmetric wigglers can 
be found at HASYLAB [54], ESRF [55], and DELTA [56]. 

6.5 Elliptical Multipole Wiggler 

The second solution to the problem of conventional multipole wigglers not pro- 
ducing circularly polarized light is the elliptical multipole wiggler. In this device, 
a conventional multipole wiggler has a relatively weak horizontal field, B x , of the 
same period, A„, as the main vertical field but 7t/2 out of phase from it. This has 
the effect of generating an elliptical trajectory in the electron beam (when viewed 
head on). This will provide a degree of circular polarization on-axis because the 
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Fig. 6.4. Magnetic field as a function of horizontal angle for an asymmetric and 
a conventional wiggler. 




Fig. 6.5. The circular polarization rate for our example asymmetric multipole 
wiggler as a function of photon energy at a fixed vertical observation angle 
of 0.2 mrad and a beam energy of 2 GeV. 



horizontal field has the effect of flipping the apparent vertical observation angle 
from one pole to the next. In other words, from on-axis the first pole looks as 
if it is being viewed with a positive vertical angle and the second pole, which is 
of opposite polarity, looks as if it is being viewed with a negative vertical angle. 
So instead of the circular polarizations nullifying each other from one pole to 
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the next they are reinforced. Since both poles per period work together in this 
device it will in general yield more useful flux than the asymmetric type where 
both poles are effectively fighting each other. The effective or apparent observa- 
tion angle is equal to K x /j where K x = 93.4 B x \ u , this angle can be used in 
conjunction with an appropriate version of Fig. 6.1 to determine the expected 
circular polarization rate. Examples of elliptical multipole wigglers can be found 
at Photon Factory [57], ELETTRA [58], and NSLS [59]. 

6.6 Helical Undulators 

The helical (or elliptical) undulator relies upon a similar concept as the elliptical 
multipole wiggler, in that a periodic horizontal field is introduced on-axis. It is 
distinguished from the wiggler in that the field values are weaker (low K regime) 
and so it operates on an interference principal rather than being a broadband, 
bending magnet-like, source. 

We will consider an ideal helical undulator, which has horizontal and vertical 
fields on-axis with a variable phase difference between them 



B x = B x o sin ( - <j> 

By = By 0 sin 

First we will consider what effect the additional horizontal term has on the 
undulator wavelength equation. To do this we will build upon the derivation for 
the planar undulator that was presented in Chapter 4. From the magnetic fields 
we can write down the electron velocities in the two planes as (4.1), 
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As the energy of the electron is fixed, 0 is also fixed and so any variation in (3 X 
and fiy must result in a corresponding change in fi s (ft 2 = /3 X + ft 2 + /3 2 ). From 
this we have 
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Note at this point that for the purely circular case, where K x = K y and (f> = n/2, 
the longitudinal electron velocity is a constant. This has important consequences 
for the harmonic content of the on-axis radiation as we shall see later. For the 
general case, applying the approximation (1 — a;) 1 / 2 ~ 1 — x/2, we get 
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For the average value of (3 S we can remove the oscillating cosine terms 
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We can now insert this into the interference condition (4.3) to get 



A = 





( 6 . 1 ) 



The similarity with the result for a planar undulator is clear (4.4). One important 
and perhaps surprising conclusion from this equation is that the wavelength 
emitted does not depend upon the phase between the horizontal and vertical 
fields in an ideal helical undulator. 

It has been shown that for the first harmonic and small K x , K y the polar- 
ization rates can be approximated as [29] 
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We can see that, as mentioned earlier, only three independent parameters are 
needed to specify the polarization and so the ideal helical undulator is capable 
of producing any polarization state. 
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The derivation for the planar undulator angular flux density that was given 
in Section 4.3 can be extended to include the contribution from the electron 
vertical velocity, (3 y , in eqn (4.9). The key helical result, when <j> = 7 r/ 2 , is that 
the angular flux density on-axis is 



d 2 N 

dCldu)/u! B=0 



e 2 N 2 y 2 lb 27t^ / NAu>\ 

47reoC eh \ u>i J 



F n (K x , K y ) 



where 



F n (K x , K y ) = 



n 



(l + K2/2 + K*/2)* 



( k 2 x ( J („ + 1 )/ 2 ( F ) + J ( „- i)/ 2 (^)) 2 
+ K 2 (J (n+1)/2 (T) — J (r! _ 1)/2 (F)) 2 ) 



and 



Y = 



n (K 2 - K 2 ) 



4(1 + K 2 /2 + K 2 /2) ’ 
which in practical units of photons per second per mrad 2 per 0 . 1 % bandwidth is 



dN 

dfl 



= 1.74 x 10 14 N 2 E 2 I b F n (K x ,K y ) . 

9=0 



The similarities with the planar result are clear (4.13). 
Furthermore the integrated flux is 

N = an N -—Q n (K x ,K y ) , 

e uj 

where 

1 + K1/2 + K 2 J2 

Q n (K x ,K y ) = ^ y -F- F n {K x ,K y ) , 



which in practical units of photons per second per 0 . 1 % bandwidth gives a flux 
of 



N = 1.43 x 10 14 NI b Q n (K x , K y ) . 

When B Xo = B yo , the elliptical trajectory of the electron becomes perfectly 
circular. With Y = 0, the only non-zero Bessel term in F n (K x , K y ) is Jo which 
only occurs when n = 1. This implies that only the first harmonic is present 
on-axis in this circular mode. The circular polarization rate, P 3 , equals unity in 
this mode and so the radiation is purely circularly polarized. The angular flux 
density and integrated flux equations simplify to 
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Fig. 6.6. Circular polarization rate as a function of K x /K y for an undulator 
with K x = K y = 3 in pure circular mode. 



= 3.49 x 10 14 N 2 E 2 I b j( 2\2 
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where I\ = K x = K y . The circular polarization rate for an undulator as it 
transforms from a planar to a circular device is shown in Fig. 6.6. We can see 
that in planar mode ( K x = 0) there is no circular polarization (pure linear) and 
in helical mode (K x = K y ) the reverse is true. 

There are many helical undulators, of differing magnet designs, in use around 
the world. Examples include undulators that have been demonstrated on Super- 
ACO [60], JSR [61], SPEAR [62], and ESRF [63], 

6.7 Crossed Undulators 

In this scheme two planar undulators, both linearly polarized, are placed in 
a straight section orthogonal to each other and with a variable phase shifter 
between them (Fig. 6.7). Polarization ranging from purely helical to purely linear 
can be generated by varying the phase between the two sections [64]. 

If the undulators are identical (each with N periods) and the first is polarized 
in the horizontal plane and the second in the vertical plane then the Stokes 
polarization rates are given by 



dN 

dfl 
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Phase shifter 




Fig. 6.7. Sketch of the crossed undulator scheme. 



Pi =0 

P 2 = cos (NS + T) 

P 3 = sm(NS + T) , 

where 5 = 2hAuj/ui (see Section 4.3) is the phase advance per period and 'I' is 
the additional phase change introduced by the variable phase shifter [65] . 

At the harmonic frequency (zero detune, Aui = 0) the polarization state 
depends only on 4' and smoothly varies between linear at 45° to right handed 
circular to linear at 135° to left handed circular, and back to linear at 45°. 
Away from the harmonic frequency the polarization state can change quickly. 
A narrow range of frequencies must therefore be selected to obtain light of the 
desired polarization. 

Since the crossed undulator will only operate successfully over a narrow band- 
width it follows that it is also sensitive to the angular acceptance that can be 
used. A narrow acceptance is needed to maintain the polarization. This also 
places restrictions on the electron beam divergence, which must be small for the 
same reason. 

The sensitivity of the polarization rate to the electron beam quality, mono- 
chromator bandpass, and angular acceptance increases with harmonic number. 
It has been suggested that this sensitivity could be exploited as a method of 
generating high energy unpolarized, light, which would be beneficial for some 
experiments [66]. 

Interestingly, the crossed undulator will generate circular polarization on- 
axis at the harmonics of the fundamental, unlike the helical undulator. Also, if 
horizontal and vertical linear polarization is required then this can be achieved 
by simply rotating the two undulators by 45° around the electron beam axis. 
Indeed, this was proposed for the Aladdin crossed undulators [67]. An example of 
a crossed undulator (using horizontal and vertical undulators) was implemented 
on the BESSY storage ring [68,69]. 

An alternative proposal is to use two helical undulators of opposite helic- 
ity instead of linear ones [70]. This combination gives full control of the linear 
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polarization inclination with zero circular rate. However, since the individual he- 
lical undulators only produce one harmonic on-axis, the linear polarization also 
consists of only the first harmonic as well. 

6.8 Power from Helical Undulators 

6.8.1 Total Power 

Following the same approach as used in Section 3.5.1 we can derive the total 
power emitted by a helical undulator with K x = K y and </> = n/2. As before, we 
find that the total power is given by (3.5) 

P to tai = 1265.5 E 2 I b [ B(s) 2 ds . 

Jo 

And in the helical case B(s) is constant, since B 2 = B 2 + B 2 , and so the total 
power emitted in Watts is 



Ptotai = 1265.5 E 2 B 2 LI b 



exactly double that produced by a planar undulator. 

6.8.2 Power Density 

The angular distribution of the power density from a helical undulator is found 
by integrating the flux density over all photon energies [71] . 



dP 



ANeK 2 -f 4 I h 



dCl A u e 0 (l + K 2 + y 2 # 2 ) 3 
where K = K x = K y , n is the harmonic number, 






X n = 



2Kn r y6 



and 



J'n (*) = 



1 + IO + 7 2 9 2 
Jn—lipJ) J , n j r\ (x) 



On-axis, 0 = 0, all of the Bessel terms are zero for n > 1 (since only the first 
harmonic is present on-axis) and the power density simplifies to 
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which in practical units of W/ mrad 2 is 
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0 (mrad) 



Fig. 6.8. Graph of the power density produced by a helical undulator as a 
function of angle for two different K values. The undulator period is 50 mm, 
the length is 5 m, the electron energy is 3 GeV, and the beam current is 
300 mA. 
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A plot of the power density as a function of angle is given in Fig. 6.8 for two 
different K values. The undulator with a K of 3 produces relatively little power 
on-axis but has a large power density (and so total power) away from the axis. 
It is interesting to note that the lower K undulator actually has a larger on-axis 
power density. This is because it has a higher flux density and also generates 
higher energy photons on-axis. 
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Permanent Magnet-Based Design of Insertion 

Devices 

The earlier chapters have discussed in detail the properties of synchrotron ra- 
diation (SR) emitted by relativistic particles travelling through various periodic 
magnetic field configurations generated by alternative types of insertion device 
(ID). However, so far no means of actually creating these magnetic fields have 
been discussed. In reality, there are two common methods employed, one based 
upon electromagnets (which we will cover in Chapter 8) and the other based 
upon permanent magnets, which is the subject of this chapter. 



7.1 Permanent Magnet Basics 

The theory that describes permanent magnets is similar to that for soft magnetic 
materials. However, magnetic properties of materials is a complete topic by itself 
and so only a brief outline will be presented here. More detailed information and 
explanation about magnetic theory and permanent magnets in particular can be 
found in other texts [72, 73] . 

A magnet is said to be permanent (or ‘hard’) if it will independently support 
a useful flux in the air gap of a device. A material is magnetically soft if it 
can only support such a flux with the aid of an external electrical circuit. A 
permanent magnet can be considered as a passive device analogous to a spring, 
which stores mechanical energy. 

An electron in a microscopic orbit has a magnetic dipole moment, which 
can be modelled as a current circulating in a loop. In the case of permanent 
magnets these ‘molecular’ currents can be identified with atoms with unfilled 
inner shells, as present in the 3d metals (Fe, Co, or Ni) or the 4f metals (rare 
earths, Ce to Yb). Permanent magnet materials are manufactured in a way 
that enhances their magnetic properties along a preferred axis. This is most 
readily achieved by taking advantage of crystal lattice structures, which have 
preferred directions for the magnet moments. The alignment of the moments in 
the lattice is called magnetocrystalline anisotropy or just magnetic anisotropy . 
The direction of alignment is called the easy magnetization direction or easy axis. 

When a magnetic field, B, is applied to a magnetic material, each dipole 
moment tries to align itself with the direction of the field. When B is strong 
enough (at saturation) all of the moments will align themselves, overcoming 
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other atomic forces, which resist this change. A permanent magnet must have an 
internal field to be able to maintain this alignment after B is removed (so-called 
spontaneous magnetization). Magnetization, M , is the magnetic dipole moment 
per unit volume and in the absence of external fields is related to the internal 
field by B = HoM (hq is the permeability of free space, 47r x 10 -7 Hm _1 ). 

Ampere’s law states that B is related to a current density J in a conductor 
by 



Ho J = V x B . 

If the magnetization is considered to be due to a circulating current of density 
Jm then 



Jm = V x M . 

If we have both a conductor carrying current and a magnet of equivalent current 
density Jm then the total flux density due to both sources will be 

Ho (J + Jm) = V x B , 
which can be rearranged to give 

Ho J = Vx(B- HoM) . 

A new parameter called magnetizing force , H , is now defined as 

HqH = B - ho M 

and so 



B = ho{H + M) . (7.1) 

This now gives a more general form of Ampere’s law 

J = V xH , 

which allows for real currents and material magnetization. 

The characteristics of a permanent magnet are broadly determined by its 
behaviour under an external magnetization force, H. When the force is large 
enough the material is saturated and all of the dipole moments are aligned. The 
magnetization is now M sat (Fig. 7.1). If H is now reduced the magnetization 
remains constant, even when H goes negative and tries to demagnetize the 
material, this is after all a permanent magnet. However, the demagnetizing force 
will eventually become too strong and the material will no longer be able to resist. 
Over a relatively short range of H the material flips to the opposite state with a 
magnetization now of — M sat . The value of H, which causes the magnetization to 
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Fig. 7.1. The variation of magnetization as a function of magnetizing force for 
an ideal permanent magnet. 



suddenly flip, or, more precisely, the value at which M = 0, is called the intrinsic 
coercivity of the material, Hi. 

Another hysteresis loop, this time of B vs. H, can be derived from the 
magnetization curve by using (7.1). Since M has a constant value for most 
values of H, B follows a straight line of gradient po (Fig. 7.2). The value of B 
when H is zero is called the remanent field or remanence, B r . The value of H 
that is required to reduce B to zero is called the coercive force or coercivity, H c . 
We can see that for the ideal permanent magnet described, the B vs. H loop 
in the second quadrant is entirely linear. This is a very important characteristic 
that is extremely useful in the application of permanent magnets as they are 
always operated in the second quadrant. 

The product of B and H represents the energy density of the material and 
if we plot this product for the second quadrant we can see that it has a peak 
value, -B 7/max (Fig 7.3). This value is another common measure of a permanent 
magnet that is used to compare alternative materials. 

The position on the B-H curve at which the permanent magnet is operated is 
called the working point. When the working point coincides with Bi/ max then the 
maximum potential energy available is being utilized and the magnet material 
is being used efficiently. In a linear material BH m ax occurs at B = B r /2, H = 
-HJ 2. 

Not all materials exhibit this linear behaviour in the second quadrant. Some- 
times the ‘knee’ of the curve occurs when B > 0. This can be a problem in 
dynamic systems where B is changing (e.g. when opening or closing an undula- 
tor or even during assembly of the magnet blocks onto the undulator arrays). If 
the working point moves into the non-linear region (from point a to point b in 




H 



I 

Fig. 7.3. The BH product as a function of magnetizing force for an ideal per- 
manent magnet. 



Fig. 7.4) then when B increases again the working point will move to c and not 
back to a. This loss in the field is irreversible. 

The B-H curves also change significantly with temperature, becoming in- 
creasingly non-linear in the second quadrant as the temperature increases (Fig. 
7.5). So long as the working point stays within the linear region of the demagneti- 
zation curve the changes in the field are reversible and so when the temperature 
reduces the magnet will fully recover its field level. Fortunately this is not a 
major problem for most insertion devices as they are usually operated at close 
to room temperature. However, it does imply that any temperature variation 
will introduce some unwanted change to the magnetic held of the device and 
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Fig. 7.4. 
region. 



The effect of moving up and down the B-H curve in a non-linear 
The dotted lines represent different load lines. 




Fig. 7.5. The effect of different temperatures on the B-H curve of a permanent 
magnet. 



this is why permanent magnet IDs often have temperature-stabilized enclosures 
mounted around them. 

An ideal permanent magnet will be uniformly magnetized (homogeneous), 
which implies that the equivalent current model is a current sheet at the block 
surface with no internal volume currents. To convince yourself of this model 
consider how a current sheet flowing on the surface of a cylinder (a solenoid) 
creates a uniform magnetic field within the cylinder. Furthermore, if the relative 
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permeability of the material is equal to 1 then the bulk material can be treated 
like vacuum and one only needs to consider the equivalent surface current sheets 
to accurately model a block of permanent magnet. 

Permanent magnets with these properties are called current sheet equivalent 
materials. The implication is that the fields generated by different blocks can be 
added linearly which makes analytical calculation of permanent magnet systems 
straightforward so long as there is no soft magnetic material (eg iron) present. 
In fact, the most popular materials that are used for insertion devices can be 
treated in this way, which does help considerably with magnet modelling. A 
permanent magnet block with remanent field of 1 T is equivalent to current 
sheets of strength ± 8 kA/cm block length, separated by the block width [74]. 
Figure 7.6 shows the lines of flux generated by a permanent magnet block and 
also those generated by a current sheet equivalent to this block. 



7.2 Available Materials 

There are two types of material that are used for insertion devices. The first to be 
used was samarium-cobalt (SmCo.5 or Sm2Coi7), which is a member of the rare 
earth-cobalt family of permanent magnets. This intermetallic compound has a 
remanent field of typically 0.85 - 1.05 T, coercivity of 600 - 800 kA/m, maximum 
energy density of 150 - 200 kJ/m 3 and relative permeability close to unity. A 
consequence of the anisotropy of the material is that the relative permeability is 
different for the directions parallel (/xy) and transverse ( /x_l ) to the easy axis. For 
samarium-cobalt they are typically /xy ~ 1.01 and /x ± ~ 1.04. Although the dif- 
ference between the two directions is small it does have measurable consequences 
and is often taken into account in detailed computer based magnet modelling. 

Samarium-cobalt can be very linear in the second quadrant and also well 
into the third, implying large values for the intrinsic coercivity. A feature of 
this material is that it performs well at high temperature. It can be used above 
200°C but with a subsequent loss in remanent field of typically 0.04%/°C. The 
Sm 2 Coi7 grade offers slightly higher remanent field and is also thought to be 
more resistant to radiation damage, which can be important in a high energy 
synchrotron light source. 

The exact production process and ‘additives’ for each permanent magnet 
grade are a closely guarded secret but they do follow the same general sequence. 
First the alloy is crushed and milled to produce a fine powder, which is then 
pressed under a magnetic field. It is then sintered and annealed, machined, and 
finally magnetized. This process produces a ceramic-like material that is quite 
difficult to work with as it is brittle and has a tendency to chip or crack. 

The alternative material, which only became available in the 1980s, is 
neodymium-iron-boron (Nd 2 Fei4B). This has many advantages over samarium- 
cobalt and is now the most commonly used of the two materials for insertion 
devices. It has a higher remanent field of typically 1.1 - 1.4 T, coercivity of 750 
- 1000 kA/m and therefore maximum energy density of 200 - 350 kJ/m 3 . It can 
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(a) 





Fig. 7.6. Lines of flux for (a) an ideal permanent magnet block with easy axis 
directed from left to right and (b) an equivalent current sheet model with 
currents flowing into and out of the plane of the paper. 



also be linear in the second quadrant and part of the third though it does have 
slightly higher permeabilities of typically p,y ~ 1.05 and fi± ~ 1.15. 

Neodymium-iron-boron does not perform well at high temperatures and gen- 
erally is kept well below 100°C. It also suffers from a larger temperature coeffi- 
cient than samarium-cobalt of — 0.11%/°C. There is also some evidence that it 
is not so resistant to radiation damage as both types of samarium-cobalt [75,76]. 

The material is less brittle than samarium-cobalt and therefore easier to ma- 
chine though it does still suffer from losing small chips at block edges. Neodym- 
ium is more abundant than samarium and this is one reason why neodymium- 
iron-boron magnets are cheaper than samarium-cobalt ones. Even so, in most 
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Fig. 7.7. Sketch of the PPM insertion device concept. The arrows indicate the 
direction of the easy axis in the magnet blocks. 



permanent magnet-based insertion devices the magnets themselves form a sig- 
nificant fraction of the total cost. 

Although permanent magnets have improved beyond all recognition over the 
past 100 years it is not expected that there will be any dramatic increase of the 
maximum energy density in the future. However, there is one tantalising possi- 
bility that may transform the field of permanent magnets - superconductivity. 
‘Permanent’ magnets based on high T c superconductors already exist. Remanent 
fields of close to 8 T and maximum energy densities of 12 800 kJ/m 3 (~ 30 times 
larger than that for neodymium-iron-boron) have been measured [73] . However, 
as these presently only operate (and survive) at ~77 K it may be some time 
before we see them used in an insertion device! 



7.3 Pure Permanent Magnet Insertion Devices 

A magnet which contains no soft magnetic material (e.g. iron poles) or addi- 
tional current carrying coils is called a pure permanent magnet (PPM). An ideal 
PPM undulator (or multipole wiggler) would consist of two arrays of permanent 
magnet material with the easy axis of the material smoothly rotating through 
360° per undulator period, A„, along the direction of the electron beam [77]. In 
practice this can be approximated by a series of M rectangular homogeneous 
blocks per period (Fig. 7.7). 

The derivation of the magnetic field due to these two arrays can be carried 
out using the superposition principle. First the field at each point due to a single 
block is calculated by integrating over each block surface in turn 
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Fig. 7.8. Lines of flux in a PPM insertion device. The direction of the easy axis 
for each block is as in Fig. 7.7. 




M 



x n x r 

y3 
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where n is a unit vector normal to the surface S and r connects the point where 
B has to be calculated to the point where the integral is being evaluated [78]. 
Second, the contribution from each block is then added for each point to give 
the total field due to the two arrays. A plot of the magnetic flux lines in a PPM 
insertion device, generated by two-dimensional magnet design software, is given 
in Fig. 7.8. 

The field strength between the two arrays, having infinite width in the x 
direction (i.e. a full two-dimensional approximation), is given by [77] 



B„ = —211, 



Be = 2 B, 



f cos ( lUfl) cosh ( * ™ (n^/M) /A . _ 

is, V A. J \ K ) nir jM 

f sinful sinh sin(^/M) , x _ 2n , h/K 
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Fig. 7.9. A graph of the vertical field strength at different vertical positions in 
a PPM insertion device. The insertion device has a period of 50 mm, block 
height of 25 mm, magnet gap of 20 mm, remanent field of 1.1 T, and 4 blocks 
per period. 



where n = 1 + iM and £ is a packing factor that allows for small air gaps between 
the blocks to be taken into account (e = 1 if there are no gaps) . 

We can see that the vertical field on-axis (y = 0) is made up of a number of 
cosine harmonics and that in the limit, M — > oo, this reduces to just a single 
pure cosine. However, if M is chosen to be sufficiently large then the harmonics 
are of high order and are relatively unimportant. In practice four blocks per 
period is by far the most popular choice as it is a good compromise between 
on-axis field strength and quality against engineering complexity. In this case 
the higher harmonics account for less than ~ 1% of the field on-axis. Although 
the vertical field is almost a pure cosine on-axis, it deviates strongly away from 
this at vertical positions approaching the array surfaces. An example of this is 
plotted in Fig. 7.9. Also a graph of how the peak vertical on-axis field, B yo , varies 
with M is given in Fig. 7.10. 

With the approximation that only the first harmonic makes a significant 
contribution, the on-axis fields reduce to 



By = — 2B r cos 



B s = 0 . 




sm(en/M) , x _ 2 „ h/x 

7 T/M ^ ’ 



This equation now makes it clear that so long as all the block dimensions scale 
together the field levels do not change. This is a general rule for PPM systems 
but is not true for electromagnets, in their case if the magnet dimensions decrease 
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M 

Fig. 7.10. A graph of the relative on-axis field strength as a function of the 
number of blocks per period in a PPM insertion device. 



then the current density has to increase to maintain the same field levels. This 
gives us our first hint that as an insertion device period shrinks a PPM will 
at some point outperform an electromagnet. It also demonstrates to us how 
important the gap to period ratio is in an insertion device. 

A graph of the peak on-axis field against block height to period ratio is given 
in Fig. 7.11. Typically the block height is chosen to be half the period length, 
which is a loss of ~ 5% compared to the maximum field that can be reached. 
Some designs have even used quarter period height blocks since in a four block 
per period magnet this makes all of the blocks identical. 

In principle the maximum on-axis field achievable by a PPM insertion device 
is 2 B r , which occurs when g/X u — > 0, M — » oo, and h/X u — > oo. In practice 
however, with four blocks per period and block height of half the period the 
on-axis field varies as 



B Vo - 1.72 B r e~ W9lx 



which, for a fairly ambitious ratio of gap to period of 0.1, gives a peak value of 
1.26 B r . We can now see that reaching a peak field of ~ 1.5 T is possible but 
requires very high remanent field material and either a small magnet gap or a 
relatively long period (or preferably both!). 

To reach higher field levels is possible using permanent magnets if ferromag- 
netic poles are included in the design. This mixture of hard and soft magnetic 
materials is called a hybrid insertion device. 
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Fig. 7.11. A graph of the relative on-axis field strength as a function of the 
block height to undulator period ratio in a PPM undulator. 



7.4 Hybrid Insertion Devices 

The inclusion of magnetic steel poles (shown schematically in Fig. 7.12) means 
that the fields can no longer be calculated analytically. Accurate predictions of 
field level, taking into account the non-linear behaviour of the steel, can be made 
by various computer programs in either two or three dimensions (though this is 
usually a slow and highly skilled task). A plot of the magnetic flux lines in a 
hybrid insertion device, generated by a two-dimensional magnet design code, is 
given in Fig. 7.13. A series of two-dimensional studies were carried out in the 
1980s in an attempt to produce an empirical formula for the peak field achievable 
in a hybrid insertion device using SmCo with a remanent field of 0.9 T [79]. The 
resulting equation being 



B yo = 3.33 exp 



-5-47 f + 1.8 



This was soon updated for NdFeB with a remanent field of 1.1 T [80] 

( 2 
-5.08 -f- + 1.54 

* u 

Both equations are said to be valid over the range 0.07 < g/\ u < 0.7. An 
attempt has been made recently to update the equation for the higher remanent 
field materials now available and also for the more highly optimized designs that 
have been developed [81]. The new equation, which assumes a remanent field of 
1.3 T, is 
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Fig. 7.12. Sketch of the hybrid insertion device concept. The arrows indicate 
the direction of the easy axis in the magnet blocks. 



B yo = 4.3 exp ^-6.45 j- + 

and this is valid over 0.04 < g/\ u < 0.2. A comparison of the fields achievable 
in a hybrid magnet compared to a PPM solution is given in Fig. 7.14. At short 
periods there is little difference between the two designs (~ 10% larger for the 
hybrid) but clearly the hybrid has a significant advantage at longer periods. 
Fields in excess of 2 T are possible, which are well outside the limits of the PPM 
design. 

7.5 End Design 

It is important that when insertion devices are operated they have the least 
possible net effect on the electron beam. This is because in a storage ring light 
source, the same electron beam is simultaneously being used by several experi- 
ments. Any changes produced by an insertion device may well affect the photon 
beam quality for the other experiments. One key issue is that the insertion device 
should have no net effect on the electron beam position or angle. This helps to 
ensure that if an insertion device field is varied (to change an undulator output 
wavelength, for example) the experiments on the remainder of the facility see no 
change to their photon beam at their sample. 

The overall effect of the (vertical) magnetic field of an insertion device on 
the electron beam (horizontal) exit angle, a, is found from the first field integral 
(see Section 3.1) 
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Fig. 7.13. Lines of flux in a hybrid insertion device. The direction of the easy 
axis for each block is as in Fig. 7.12. 



Iy = 




such that 
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and the position is found from the second field integral 
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such that 



(7.2) 



x = 
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(7.3) 



The requirement for all insertion devices is that both the first and second field 
integrals should equal zero under all operating conditions. This is achieved (in 
theory!) by a suitable selection of the end field terminations for the magnet at 
the entrance and exit of the device. 
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Fig. 7. 14. A comparison of the fields achievable in a hybrid and a PPM insertion 
device assuming a remanent field of 1.1 T and a magnet gap of 20 mm. 



An alternative way of writing down an expression for the final beam position 
is to project it back to the centre of the device (see Fig. 7.15). In that case it 
can be shown that the distance from the magnet axis, 5, is given by [29] 

S = / sB y (s)ds . (7.4) 

7 moc J_ 00 

This expression is useful because we can now see by inspection that <5 will be 
zero whenever the magnetic field is symmetric about s = 0 (i.e. when the centre 
of the insertion device corresponds to the peak of a pole). This is the so-called 
symmetric configuration. The ends of the insertion device are then adjusted to 
make sure that the exit angle is zero also. 

The alternative arrangement, the antisymmetric case, is to have the centre 
of the magnet coincide with a zero crossing of B y (i.e. have an even number of 
poles) . In this case then the integral of B y and thus the exit angle is automatically 
zero. The ends of the insertion device are then adjusted to set the exit position 
to zero also. 

The design of end terminations for PPM devices is relatively straightforward 
because of the principle of superposition. This is not the case for hybrid structures 
where the non-linear effects generally have to be actively compensated for at the 
ends as the magnet gap varies. 

Of course the field integrals are never truly zero. Material inhomogeneities 
and engineering tolerances in block positioning and sizes introduce small errors 
to the magnetic fields. A typical target for a first field integral would be to keep 
it below ~ 10~ 5 Tm, which corresponds to a net angle offset of ~ 1 /irad for a 
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Fig. 7.15. Sketch showing an electron trajectory through a realistic insertion 
device and the back projection of the final position to the centre of the mag- 
net. 



3 GeV electron beam. In this instance higher energy electrons are more tolerant 
of integral errors. 

7.5.1 PPM End Design 

For the symmetric designs the ends must be used to ensure that the integral of B y 
is zero. The simplest way of achieving this is to have a vertically magnetized half 
length block at each end (see Fig. 7.16(a)). To convince yourself of this remember 
that the integrated field of one block can be readily cancelled by another block 
through the principle of superposition. 

This half length block end structure is the most common design in use. Al- 
though in principle the field integrals are zero for all magnet gaps the non-unit 
permeability and anisotropy of the permanent magnets does have a small but 
significant effect on the first field integral. A modified end design, which also 
includes a short, horizontally magnetized block has been shown to significantly 
reduce the field integral variation with magnet gap [82] . 

For antisymmetric insertion devices no such common design solutions exist as 
a zero beam exit position depends upon the number of poles, A r po i es . The general 
solution is that the strength of the end pole varies with (A r po i es — 1/2)/ (A r po i es — 1) 
[29]. An example of an antisymmetric solution is given in Fig. 7.16(b). The 
magnetic field for 10-period versions of these end designs are given in Fig. 7.17. 

The electron beam trajectories through these example undulators are given 
in Fig. 7.18. Note that in both the symmetric and antisymmetric configurations 
the electron beam does not oscillate about the magnetic axis. For the symmetric 
case the position offset is small and generally neglected. In the antisymmetric 
case there is an angle offset, which can be significant for photon beamlines that 
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Fig. 7.16. Three alternative PPM undulators used to illustrate the alternative 
end terminations; (a) a symmetric design with a half length block, (b) an an- 
tisymmetric design with an end block whose length depends upon the number 
of periods and (c) a symmetric design with a longer termination that forces 
the electron beam to oscillate about the magnetic axis. 



are several tens of meters long. 

Solutions do exist that force the electron to oscillate about the nominal axis 
though they have to include more blocks at the end. The simplest solution is a 
1/4, —3/4, 1, —1, ... end structure which can be used in a symmetric or antisym- 
metric magnet [83] . The condition for establishing that the oscillation is centred 
about the magnetic axis for the symmetric case is that the electron beam should 
have zero angle and position equal to the maximum oscillation amplitude at the 



End Design 



123 




-400 -200 0 200 400 



Longitudinal position (mm) 




Longitudinal position (mm) 




-400 -200 0 200 400 

Longitudinal position (mm) 

Fig. 7.17. Magnetic fields for 10-period versions of the undulators illustrated 
in Fig. 7.16. 



longitudinal centre of the undulator (at every full period in fact). This implies 
that the first field integral should be zero and that the second should equal 




B y {s')ds' ds = B 0 




2 



124 



PM-Based Design of Insertion Devices 



for a sinusoidal field variation. This can easily be shown by equating (7.3) with 
(3.3) at its peak value. A very similar condition exists for the antisymmetric case 
where the beam position is zero but the angle is equal to the maximum value 
after every full period (equate (7.2) and (3.2)). It is easy to demonstrate that 
a sinusoidal function with the peak amplitudes mentioned above (1/4, —3/4, 
1, —1, ...) will meet either the symmetric or antisymmetric conditions. A prac- 
tical example of an end termination that forces the electron beam to oscillate 
about the magnetic axis is illustrated in Fig. 7.16 with the magnetic held and 
subsequent trajectory given in Figs. 7.17 and 7.18 [83,84]. 

7.5.2 Hybrid End Design 

The problem with the hybrid magnets is the non-linear behaviour of the steel. 
This means that the held integrals are very hard to passively compensate over 
a wide range of magnet gaps. In almost all designs some form of active com- 
pensation is included, such as an electromagnetic coil or even rotating cylinders 
of permanent magnet material (Fig. 7.19). In general the compensation is ap- 
plied at the end pole region, though trim coils have been applied around the full 
magnet length as well [85]. 

The extensive use of two- and three-dimensional magnet modelling has helped 
in the generation of hybrid magnets without any active compensation. In one case 
cylindrical magnet blocks were adjusted and then hxed after the full device was 
measured to minimize the hrst held integral over the operating gap range to 
within ±10 -4 Tm [86]. In another (lower held) example no compensation was 
included and the held integral was kept within ±1.5 x 10 -5 Tm [87]. However, 
it is interesting to note that space was left in the magnet for compensating coils 
in case they were found to be required at the final measurement stage! 

7.6 Helical Designs 

7.6.1 Asymmetric and Elliptical Wigglers 

The hrst asymmetric multipole wiggler proposed suggested a PPM configuration 
[88]. A simpler alternative PPM scheme (Fig. 7.20) was built and installed onto 
the DORIS ring in Germany [54]. The device is effectively a series of PPM 
wavelength shifters separated by air gaps. If the air gaps are reduced to zero 
length then the device reverts to a standard four block per period PPM insertion 
device (see Fig. 7.7). The magnetic held from such an asymmetric MPW is 
plotted in Fig. 7.21. 

The hybrid alternative has also been suggested [89,90] with the obvious ad- 
vantage of being able to achieve higher peak helds. A very sophisticated example 
has been built for the ESRF which, through very careful shaping of the steel 
poles and permanent magnet blocks, is able to reach helds in excess of 3 T at a 
magnet gap of 11 mm [55]. 

Two PPM elliptical wigglers were built and installed in Japan [57]. Mag- 
netically they have a simple configuration (Fig. 7.22), although the mechanical 
engineering is very demanding. Changing the relative longitudinal position of 
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Fig. 7.18. Trajectories for 3 GeV electrons through 10-period versions of the 
undulators illustrated in Fig. 7.16. 



the two pairs of arrays from +A u /4 to — A u /4 switches the electron direction of 
rotation through the magnet and hence the sense of the circular polarization ob- 
served. The horizontal magnet gap is typically five times larger than the vertical 
one and so the horizontal field is generally very much smaller. In the Japanese ex- 
ample [57], which had a 160 mm period, the horizontal field was 0.2 T compared 
to the vertical field of 1.0 T. 
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Fig. 7.19. Two example active end termination solutions for hybrid magnets; 
(a) active coils and (b) rotating permanent magnet blocks. 





Fig. 7.20. A simple PPM asymmetric multipole wiggler design. 



More recent versions of elliptical MPWs have employed electromagnetic coils 
to generate the horizontal field to enable fast switching of the polarization states. 
Magnets of this type will be studied in Chapter 8. 

7.6.2 Helical Undulators 

Helical magnetic fields can be generated with permanent magnets that are ar- 
ranged with either a circular, rectangular, or planar geometry. Naturally the 
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Fig. 7.21. Magnetic field for a PPM asymmetric multipole wiggler with a period 
of 80 mm, an air space of 30 mm, and a magnet gap of 20 mm. 




Fig. 7.22. Sketch of a PPM elliptical multipole wiggler design. 



circular geometry lends itself more readily to generating purely helical fields 
( B Xo = B yo ) but the ability to independently vary the two transverse fields (and 
also the phase between them) that is required to tune the polarization (see Sec- 
tion 6.6) is more readily achieved with a rectangular or planar geometry. The 
rectangular geometry is simply two conventional undulators mounted perpendic- 
ular to each other, as for the elliptical MPW (Fig. 7.22). As such, the magnetic 
design offers no new challenges and will not be discussed further here. The planar 
helical undulator has the additional benefit that storage rings are well suited to 
planar magnets rather than rectangular or circular as the electron requires a far 
larger aperture in the horizontal plane than in the vertical. However, circular 
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Fig. 7.23. (a) A simple circular permanent magnet geometry for generating a 
dipole field and (b) an economical trapezoidal approximation to (a). 



helical imdulators are still worth consideration as in general they produce larger 
on-axis fields and are well suited to some applications (e.g. free electron lasers). 



7. 6. 2.1 Circular Geometries A dipole field can be generated by a ring made 
of permanent magnet blocks whose axes of magnetization rotates around the 
circle [91] (Fig. 7.23(a)). A helical field can then be produced by stacking together 
many such dipole rings with each ring rotated with respect to its neighbour. The 
quality of the overall magnet is determined first by the number of blocks per 
ring and second by the number of rings per undulator period. The production of 
the curved blocks required for the circular geometry clearly requires significant 
machining. A more economical solution is to create an approximation to the 
circular design by using trapezoidal blocks (Fig. 7.23(b)) [77]. 

If each dipole ring is made of M permanent magnet blocks and each period of 
the helical undulator is made of N dipole rings then the transverse field on-axis, 
B 0 , is given by [77] 



Bq — B r 



sm(n/N) ^ 

i”/N) ) 






where 

T(x) = K 0 (x) + l^rOr) . 



The remanent field of the material is B r and r± and r 2 are the inner and outer 
radii respectively. Note that K 0 and I\\ are modified Bessel functions. Strictly 
speaking this equation only holds for the circular geometry case but it is a good 
approximation for the trapezoidal geometry, especially at large M. An example 
of how the field strength increases with M is given in Fig. 7.24. 



Helical Designs 



129 




Fig. 7.24. Graph showing how the transverse field on-axis increases for the 
circular geometry helical undulator as the number of blocks per ring increases. 
The undulator period is 50 mm, the inner radius is 20 mm, the outer radius 
is 50 mm and the remanent field is 1.1 T. 



7. 6. 2. 2 Planar Geometries To generate independently variable horizontal and 
vertical magnetic fields using only permanent magnets mounted above and below 
the beam axis is not easy. However, several ingenious designs have been put 
forward with many practical examples being successfully demonstrated. One 
key difference between these magnets and conventional planar undulators (see 
Section 7.3) is that two degrees of freedom are needed to control the two field 
levels independently (three if the phase is also to be controlled). This can be 
achieved by adding longitudinal array movement on top of the normal vertical 
gap adjustment or by adjusting the vertical position of the top and bottom arrays 
independently. 

The first magnet of this kind was the Helios undulator (Fig. 7.25) [63]. In this 
case the top array is used to generate the horizontal field and the bottom array 
generates the vertical field. Each array can be adjusted vertically independently 
and also a longitudinal motion of one of the arrays gives control of the phase as 
well. 

Other designs quickly built upon this planar concept [92, 93] but moved away 
from the two independent arrays above and below the axis to a more complex 
four-array scheme (one pair above and one pair below) with longitudinal move- 
ment of individual arrays necessary to control the polarization. One design, the 
APPLE-2 (Advanced Planar Polarized Light Emitter - 2) [94], has attracted sig- 
nificant attention since it has the highest peak fields for the circular mode, is 
relatively simple, and is able to generate all of the desired polarization states 
required. There are now several APPLE-2 undulators installed in storage rings 
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Fig. 7.25. Sketch of the Helios design. 



around the world [95-98] and it is by far the most popular helical undulator 
design at present. We will study this particular design in some detail to better 
understand some of the features of this type of magnet. The basic design consists 
of two pairs of conventional arrays (see Section 7.3) mounted as shown in Fig. 
7.26. The bottom right and top left arrays can both move longitudinally as well 
as both pairs being able to move vertically like a conventional undulator so as 
to adjust the magnet gap. 

If the longitudinal shift between the two sets of arrays is equal to D then we 
can say that the phase difference, <fi, is 2kD/\ u . We will denote the bottom left 
and top right array pair as Undulator a and the other diagonal pair as Undulator 
b. The horizontal and vertical magnetic fields generated on-axis by Undulator a 
can be written as 



Ba x — B Xo sin 
Ba y = B yo sin 

where B Xq and B yo are the peak horizontal and vertical fields from this array 
pair. Similarly we can write down the fields for Undulator b as 




Bh — B Xn sm 
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Fig. 7.26. Sketch of the APPLE-2 design. 



Bh„ = B Vn sin 



27 rs 

A* 



The minus sign is present for Bt x since the standard planar undulator (<j> = 0 in 
this case) has no horizontal fields on axis. 

The total horizontal and vertical fields generated by the four arrays are found 
by simply adding together the two contributions (using the principle of super- 
position for permanent magnets described earlier in Section 7.1). 



B, = B n 



Bb x = B X0 ( sin ( - sin 



Using the three identities sin(A + B) = sin A cos B + sin B cos A, cos2A = 1 — 
2 sin 2 A and cos(A + B) = cos A cos B — sin A sin B this simplifies to 



B x — 2fU n sin 



cos 



27TS (f> 

X7 + 2 



Similarly the vertical field is given by 



By = B a 



Bh.. = B,, 



. ( 27 ts\ . ( 27 rs 

8111 1' XT; +Sm \K 

„ _ / d >\ . / 27ts 6 
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Examination of the two equations for B x and B y shows that there is always a 
fixed phase difference between the two fields of 7r/2 implying that the polarization 
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ellipse is always upright. In other words, as (j> increases from zero (vertical field 
only, linear horizontal polarization) an observer viewing the electron head on 
will see the electron travel around an ellipse that always has a principle axis 
coincident with the vertical axis of the undulator. The ellipse will become a circle 
when B x = B y (circular polarization condition) and in the limit, when <fi = n, 
the electron will appear to oscillate in a vertical line (horizontal field only, linear 
vertical polarization) . Note that by taking (j) beyond 7 r (or below zero) the same 
elliptically shaped trajectories are produced but with the electron now tracing the 
path out in the opposite direction of rotation. This will then produce polarization 
with the opposite left or right handedness. Some example electron trajectories 
for a practical APPLE-2 example are given in Fig. 7.27. The horizontal and 
vertical magnetic fields for the same undulator in the circular polarization mode 
are shown in Fig. 7.28. The circular polarization mode occurs when the peak 
horizontal field equals the peak vertical field. It is easy to show that this occurs 
when 

) = By 0 COS 

or when 

(j> = 2tan^ 1 f 

\B X 0 

It is not surprising that helical undulators can have a more significant (usually 
detrimental) effect on the electron beam than the standard planar undulator. 
These effects will be studied in more detail in Chapter 10. For now it is worth 
looking at the transverse horizontal and vertical field profiles for the circular 
polarization case of our example APPLE-2 undulator. These fields are graphed 
in Fig. 7.29, note that the two fields are shown for different longitudinal positions 
to account for the 7r/2 phase difference. It is clear from the graph that the electron 
beam will be sensitive to relatively small horizontal misalignments, especially for 
the horizontal fields. One consequence of a poor electron beam alignment with 
the magnetic axis would be a degradation in the circular polarization content as 
the electron trajectory will no longer be circular but elliptical. 

There is one further feature of the APPLE-2 undulator, which has not always 
been exploited but is certainly of interest to experimentalists. If, instead of mov- 
ing the diagonally opposite pair of arrays together in the same direction to adjust 
the polarization state they are moved equal distances in opposite directions then 
something very different occurs. Now with one array with a phase of <f> and the 
other with ~<j> it turns out that the horizontal and vertical magnetic fields remain 
in phase at all times rather than with the fixed 7r/2 difference found earlier. The 
consequence of this is that the electron viewed head on appears to trace out a 
straight line, much like in a standard undulator, except that the inclination of 
the line can be adjusted to any angle between 0° and 90° by changing the relative 
amplitude of the two transverse fields. This means that by adjusting the arrays 
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Fig. 7.27. Three example trajectories of a 3 GeV electron viewed head on pass- 
ing through an APPLE-2 undulator with different phase settings. The undu- 
lator has a period of 50 mm and a magnet gap of 20 mm. 



in this opposing mode of operation any of these angles of linear polarization can 
be generated [99]. To obtain full control of the angle of inclination of the linear 
polarization then all four arrays must be moveable [100]. With one pair fixed 
the range 0° - 90° is accessible and then with the other pair fixed the range 
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Fig. 7.28. Magnetic fields for an APPLE-2 undulator in the circular polariza- 
tion mode with a period of 50 mm and a magnet gap of 20 mm assuming a 
remanent field of 1.1 T. 



90° - 180° is available. Clearly this is mechanically more demanding but still 
quite feasible. Example field levels and the corresponding electron trajectory are 
plotted in Figs. 7.30 and 7.31. 

As explained earlier, the APPLE-2 helical undulator is presently the most 
popular planar helical undulator and this is why we have studied the features 
of it in some detail. However, other designs have continued to be put forward, 
which claim to have superior qualities in some areas. One design has proposed 
making each array of the APPLE-2 out of two rows of PM blocks (Fig. 7.32) in 
an effort to enhance the on-axis field level [101]. An increase of ~ 20% in the 
transverse field was predicted for the example quoted. 

In another scheme, two variations on a six-array undulator (three above and 
three below) have been built and installed on UVSOR [102] and SPring-8 [103]. 
In these devices the central arrays produce the vertical field and the outer four 
arrays produce the horizontal field. Some efforts have been made to improve the 
transverse field quality by shaping of the magnet blocks [103] and so reduce the 
impact of the undulator on the electron beam. 



7.7 Engineering Issues 

The engineering design of permanent magnet-based insertion devices is in itself 
a highly skilled task. The design engineer is charged with assembling long mag- 
net arrays that must be highly periodic and flat using materials that are often 
experiencing very large forces during the assembly process. Furthermore they 
must mount the two arrays parallel to each other and maintain this parallelism 
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Fig. 7.29. Magnetic fields across the horizontal axis for an APPLE-2 undulator 
in the circular polarization mode with a period of 50 mm and a magnet gap 
of 20 mm assuming a remanent field of 1.1 T. Note that the two fields are 
generated at different longitudinal positions to account for the n/2 phase 
difference between the two fields. 



while the magnet gap is adjusted with /iin resolution. At large gaps the magnetic 
forces between arrays is negligible while at small gaps it can be several tonnes! 

Although virtually all insertion devices are built by independent groups and 
laboratories a number of common themes are evident in the engineering solutions 
employed. Of course not all insertion devices use these solutions but the majority 
do and so it is worth examining why particular themes have emerged. First, the 
magnet blocks are held in individual non-magnetic holders as this allows each 
block to be safely manipulated during the assembly process. The blocks are either 
glued or, more commonly, clamped into the holders (or occasionally both!). These 
holders are then bolted to some sort of backing beam to create a single array. This 
then allows a complete magnetic half of an insertion device to be manipulated 
as a single item. The arrays are then secured onto a support structure that is 
strong enough and stiff enough to withstand the high forces between the arrays. 
The structure also provides the mechanical movement required to adjust the 
magnetic fields on the electron beam axis. In general the structures only support 
the arrays on one side in a C shaped frame (Fig. 7.33). The advantage of this 
shape is that it is easy to access the arrays for magnet measurements or to mount 
the device around a pre-installed vacuum chamber. The clear disadvantage is that 
the structure is not balanced and under high forces it will have a tendency to 
close up leading to a magnet with a tapering gap in the horizontally transverse 
direction. This is easily overcome with an alternative structure that supports on 
either side in an H frame style but then other solutions need to be found to the 
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Fig. 7.30. Magnetic field for an APPLE-2 undulator in the opposing mode of 
operation. Note that the horizontal and vertical fields are now in phase. 




Horizontal position (pm) 



Fig. 7.31. Trajectory of a 3 GeV electron viewed head on passing through an 

APPLE-2 undulator with the field levels given by Fig. 7.30. 

access problem. Incidentally, a number of design teams have used finite element 
analysis to accurately predict and reduce the deformations in a support structure 
under high load [85]. 

Another feature of support structures is that when very long insertion devices 
(> ~ 3 m) are required they are sometimes built in shorter separate modules 
(typically 1.5 - 2.5 m). This has the benefit of generating much more easily 
manageable items in terms of transportation, installation, magnet measurement, 
and so on but the designers must ensure that magnetically it operates as a single 
device. Some groups have made a virtue of the module concept by terminating 
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Fig. 7.32. Variation on the APPLE-2 design that enhances the on-axis fields. 



each one individually so that they can each be used as separate devices or as one 
complete device. The advantage here is that the beamline users can adjust the 
number of segments in use for different beam current conditions to match the 
power limitations of the beamline optical components [87]. 

One key area that has been glossed over so far is that of how the ability 
to move the arrays is included. They are generally mounted to a pair of linear 
slides, which restrict the allowed movement to the vertical direction only. The 
longitudinal separation of these slides is important and if chosen correctly it can 
minimize the longitudinal deflections of the arrays under the magnetic forces. 
They should be mounted close to the Airy points for each array if possible [104]. 
Next a motorized leadscrew mechanism is used to move the arrays up and down. 
The actual magnet gap is measured with a position encoder (usually optical) 
with linear encoders being preferred because they can measure the gap at the 
point of interest directly (the gap between the arrays) , although rotary encoders 
are also used extensively. 

An interesting point here is the question of how many encoders and motors 
should be used? In the simplest system a single motor mechanically linked to both 
leadscrews with a single encoder is sufficient. However, any backlash or slack in 
the motion system must be tolerated as it cannot be actively corrected and hence 
the magnet gap is likely to be different at the two leadscrews. This longitudinal 
gap taper can be minimized with the correct selection of precision components 



138 



PM-Based, Design of Insertion Devices 




Fig. 7.33. Drawing of a typical insertion device with the key engineering fea- 
tures labelled. 



but it will be difficult to keep it below the order of 20 /im. A way of preventing 
this is to use two motors and two encoders, one pair per leadscrew. Now, the gap 
is measured at each leadscrew and it is possible to maintain identical readings 
to within a few steps of the encoder (typically ±1 fj, m) with a well designed 
system. The complication with a two motor system is that the link between the 
leadscrews is now electrical rather than mechanical. If the motion control system 
software were to only turn one leadscrew then the magnet gap would become 
longitudinally tapered, potentially causing damage to the linear slides, leadscrews 
etc. Of course there is no necessity for the pair of arrays to be mechanically 
linked either. A valid solution is to not use common leadscrews for both arrays 
but rather a pair for each. In this case four motors in total are required, two 
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per array, enabling each array to move independently. This can be helpful in 
setting the arrays parallel to each other during the mechanical commissioning 
of the device. It also provides a more satisfactory solution to the requirement of 
setting deliberate longitudinal gap tapering to alter the output characteristics of 
an insertion device (see Section 11.1). 

Clearly two and four motor systems do carry a higher level of risk. However, 
potential hazards such as unwanted gap taper or closing the gap and striking 
the vacuum vessel can be dealt with by hard wired protection systems. These 
consist of a variety of limit switches, proximity detectors, and tilt sensors that 
automatically prevent the motors from turning if they are triggered. 

7.7.1 In-Vacuum Insertion Devices 

Since insertion devices are essentially dominated by their peak magnetic field 
and period any measure that can be taken to influence these parameters is worth 
pursuing. The magnet designer is always striving to reduce the gap between the 
arrays to enhance the magnetic field. This magnet gap is set ultimately by the 
needs of the electron but in practice is set by the vacuum vessel that the electron 
beam is travelling through. A typical situation would be that an electron beam 
requires a full vertical space of 15 mm, say, to maintain a long lifetime. A vacuum 
vessel will have wall thickness of about 2 mm to support the differential pressure 
and so allowing a total of 1 mm for clearances would give an actual minimum 
magnet gap for the insertion device of about 20 mm. An obvious method of 
reducing the magnet gap is to mount the magnet arrays inside the electron 
beam vacuum vessel (Fig. 7.34), which would save about 5 mm in our example. 

There are many increased engineering complications (and costs!) associated 
with mounting the magnet arrays inside the storage ring vacuum envelope but 
if the benefits are perceived to be worthwhile they can certainly be overcome. 
The most crucial requirement is that the storage ring vacuum should not suf- 
fer, because if it is poor then the stored beam lifetime will be dramatically re- 
duced. To create and maintain an ultra high vacuum only materials with low out- 
gassing rates can be used. Fortunately, both samarium-cobalt and neodymium- 
iron-boron have been found to be suitable if they are first covered with a thin 
coating. Titanium nitride [105] and nickel [106] coatings have both been used 
successfully in an ultra high vacuum environment. 

To reach a good vacuum all materials need to be baked at high temperature 
(at least 120 - 140°C). This causes problems in the use of NdFeB as it can suffer 
from irreversible loss of magnetization at these temperatures. Nevertheless, this 
material has been used in in-vacuum devices with the designers accepting a loss 
in magnetization strength of ~ 2% due to the high temperature baking [107]. 
The alternative material, SmCo, can be baked to higher temperature with no 
loss in magnetization (although it is still lower in absolute terms than the baked 
NdFeB) and also has a greater resistance to radiation damage, which could be 
an advantage when it is mounted so close to the electron beam. Interestingly 
however, there is recent evidence that NdFeB magnets that are baked at high 
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Fig. 7.34. Sketch of (a) the in-vacuum insertion device concept and (b) a con- 
ventional insertion device. The electron beam will travel into the paper at 
the centre of the vacuum vessels. Note that the linear slides mount to the 
main support structure which is not shown. 



temperature have improved radiation resistance over unbaked magnets [108]. 

One further complication for the in-vacuum insertion device is that the array 
of permanent magnets provides a high resistance surface close to the electron 
beam. This will cause the image currents of the electron beam to dump energy 
into the arrays and cause heating and possibly damage to the magnets [109]. It 
will also enhance the so-called resistive wall instability , which can degrade the 
quality of the electron beam. To overcome these problems a high conductivity 
sheet of copper is fixed directly onto the surface of each array to provide a low 
resistance conducting path. The method of attachment is a thin nickel coating 
on the copper sheet, which is magnetically attracted to the arrays. Clearly these 
sheets do slightly alter the magnet gap but as they are usually ~ 50 /im thick it 
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is not overly significant. 

Another issue for in-vacuum devices is that the magnet measurements have 
to take place before the vacuum vessel is in place due to access restrictions. 
The engineers must ensure that after the measurements are complete, and any 
adjustments made, the arrays will be remounted in exactly the same location 
once the vessel is in place. 

Despite all the extra complications introduced by putting the arrays in vac- 
uum this type of insertion device is gaining popularity. Several in- vacuum devices 
are in operation, most notably at SPring-8 in Japan (which boasts a 25 m long 
example!) [106,110] and more recently at the ESRF in France [107,111]. Also, 
several recently designed storage rings are relying on this technology to push the 
spectral coverage of their undulators to shorter wavelengths by the use of short 
period devices that are not feasible out of vacuum [112-114]. 

An alternative way of avoiding the limitations set by fixed vacuum vessels is 
to have a flexible vacuum vessel surrounded by a conventional ID. As the jaws 
of the ID are closed they squeeze the vacuum vessel, which allows small magnet 
gaps to be achieved. At times when a larger aperture is needed, during injection, 
for example, the jaws are opened and the vessel grows accordingly. This option 
has the advantage of being able to set an appropriate gap to suit the needs of 
the electron beam and also has all of the complicated ID engineering outside of 
the vacuum system. Unfortunately the engineering solution for the squeezable 
vacuum chamber has proven to be difficult to realize in practice, though some 
short examples have been built successfully [115]. 

7.7.2 Forces 

One of the features of permanent magnet insertion devices is coping with the 
rapidly increasing attractive forces as the arrays are brought together. Naturally 
it is essential that the design takes account of the forces on the arrays and also, 
in a detailed level, of the forces experienced by individual blocks. 

When we bring two magnets together that have the same poles facing each 
other we feel a strong repulsive force. To bring them closer and closer we have 
to use more and more energy. Where is the energy we exert going? The answer 
is that it is being stored by the combined magnetic field of the two magnets. If 
opposite poles face each other then the force between them will be attractive and 
energy will be removed from the magnetic field and do work on the system. To 
calculate the force we have to compute how the energy stored by the magnetic 
field changes with distance. 

By considering the energy stored in a solenoid, for example, it is relatively 
easy to show that the magnetic energy density (energy per unit volume, dE/dV) 
in vacuum and non-magnetic materials is given by [116] 

dE _ d 3 E _ B 2 
dV dxdyds 2 fj, 0 

where /io is the permeability of free space. Then, using the standard result that 
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force can be expressed as energy (or work done) per unit distance [117], F = 
dE/dy, we can express the force between two magnets as 



F = 





So, in a region of constant magnetic field over an area in the xs-plane equal to 
A the force would be 

F = . 

2y 0 



This situation is a fair approximation to a simple dipole magnet with pole area 

A. 

If we look at the case of a standard planar insertion device of length, L , with 
a sinusoidal magnetic field in the s direction and peak held on-axis of B yo , then 
using the result that 




Byds = B 



2 

Vo 





ds = 



K L 

2 



we can see that the force between the two magnet arrays is given by 

jB 2 yo Ldx 
F ~— ' 

Assuming that the peak Held is constant in the x direction over a width, W, and 
zero outside this range then the force between the two magnet arrays becomes 

F - B2 “ LW 
F ' 

For our example PPM undulator that has a 50 mm period and a peak Held of 
0.54 T (see Fig. 7.9) the vertical field under the pole is plotted as a function of x 
in Fig. 7.35. We can see that the width of the magnetic field can be approximated 
to around 60 mm. In this case then the force between the two undulator arrays 
is about 3500 N/m length of undulator. Of course this force will decrease rapidly 
as the B field reduces or equivalently as the magnet gap opens. A graph showing 
how the force will vary with gap for this example is given in Fig. 7.36. 
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Fig. 7.35. Graph of the vertical field under a pole as a function of horizontal 
position for a PPM undulator of period 50 mm and magnet block width of 
60 mm. 




Fig. 7.36. Graph showing how the force per meter length of array reduces as 
the gap increases for the undulator of Fig. 7.35. 
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Given that particle accelerators are built using many different types of elec- 
tromagnet (e.g. dipoles, quadrupoles, sextupoles, etc), with permanent magnets 
very rarely being used, it is perhaps surprising that relatively few electromag- 
netic (EM) insertion devices (IDs) have been built. In this chapter we will explore 
the issues surrounding EM ID design and explain why permanent magnets are 
generally preferred. Despite their limitations EM IDs do have certain advantages 
and these are the reason why there has been an increased activity in this type 
of magnet in recent years. One key advantage is the ability to generate a rapidly 
time varying magnetic field, which is impossible with motor driven (permanent 
magnet) based systems. This ability has been especially exploited in the field 
of helical magnets, enabling fast switching between different polarization states 
(e.g. between left and right circular) that is essential for certain types of experi- 
ment. Another advantage of EM devices is that if superconducting coils are used 
then very high magnetic fields can be generated with relatively short periods. 
Both of these issues will be covered later in the chapter but first we will look at 
the basics of planar EM IDs. 



8.1 Planar Undulator Design 

The basic EM undulator layout is given in Fig. 8.1. Current carrying coils are 
wrapped around steel poles that are connected by a steel backing beam to carry 
the return flux. A return yoke between the top and bottom halves is not required. 
Variation of the magnetic field to tune the undulator is achieved by simply 
changing the current flowing through all the coils. Mechanically this magnet is 
much simpler than the permanent magnet type and this is one reason why they 
generally have a lower capital cost (not including superconducting magnets!). 
Of course, the running costs are far larger because of the electrical consumption 
(which can be many tens or even hundreds of kW!). 

If we first consider the device to be a series of EM dipoles of length A u /2 then 
we can get an idea of the field levels that will be achievable. The approximate 
field produced by a simple dipole with gap, g , being driven by NI Ampere-turns 
per coil is given by [118] 



2 hqNI 



9 
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Fig. 8.1. Sketch of an electromagnetic undulator. 



This will give an undulator deflection parameter of 

K = 2.35 x 1(T 4 NI— . 

9 

We can immediately see that to generate K values of the order of unity will 
require typically thousands of Ampere-turns. It is also clear that as the period 
to gap ratio reduces the number of Ampere-turns has to increase to maintain a 
particular value for K. In other words, if the gap is fixed and we want to reduce 
the period, then the coil has to deliver a correspondingly greater value of NI. 
However, since the period is reducing, the coil will have less space to occupy and 
so the current density will have to increase rapidly to compensate. It is easy to 
imagine that at some period the current density will have to be so large that 
the resistive losses can no longer be removed by water cooling circuits. We will 
now establish what are realistic period to gap ratios for normal conducting EM 
undulators. 

The field in a planar undulator can be expressed, in a two-dimensional ap- 
proximation, by two infinite sums [119, 120] 



By= E B m sin (mks) cosh (mky) 

m odd 
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B s = B m cos (mks) sinh (mky) , 

m odd 

with the conventional wavenumber definition, k = 2 tt/X u . The solution of B m 
can be found by defining a boundary condition along y = g/2 and it has been 
found that a good approximation is that the two field components follow a square 
wave pattern along this surface [119]. From this we have that 

32/xo NI sin(m7r/4) 

7rA u msinh(mkg/2) 

It has also been shown that the best approximation to the variation of B y with 
y when compared with numerically computed values is with the first two terms 
only from the infinite series [119]. In this case then 

32/zo NI cosh (ky) cosh(3 ky) 

v V2 tt\ u _smh(kg/2) 3 sinh(3/cg/2) 

We can use the value of B y when y = 0 to find the deflection parameter for this 
case 



K = 8.45 x 1CT 4 NI 



1 

sinh(fcg / 2) 



3sinh(3fcg(/2) 



This expression is plotted in Fig. 8.2 with the simple dipole model. At large 
period to gap ratios the dipole approximation is good (i.e. the poles do act 
independently) but it breaks down below ratios of about 3. 

If we assume that for an EM undulator the coil cross section is A„/8 x A„/2 
(both these values are somewhat arbitrary but nevertheless reasonable) and that 
the maximum current density that can be effectively water cooled is 10 A/mm 2 
then we can make some realistic estimates for what K values are achievable as a 
function of period. The results are plotted in Fig. 8.3 for a 20 mm gap. We can 
see that K does not reach unity until about 55 mm period but at twice this value 
it reaches a value of about 10. However, even this is optimistic because it takes 
no account of saturation effects in the steel; in reality the K value would not rise 
so quickly with the period. From these comments we can see that short period 
EM undulators are unlikely to be very useful and in fact are easily outperformed 
by permanent magnet devices (compare with Fig. 7.14 for example). 

There are several examples of planar EM IDs around the world. A multipole 
wiggler was built for the VEPP-4 storage ring [121], which had a peak field of 
1.6 T and a period of 22 cm. In this design the poles were carefully shaped to 
make the field less sinusoidal and so reduce the horizontal angular divergence of 
the photon beam. 

Two EM designs have been produced for the TNK facility [122], an undulator 
and a wiggler. The undulator uses an unusual method for generating the Ampere- 
turns needed for each pole by using snake-like windings that wrap around half 
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Fig. 8.2. The number of Ampere-turns for a given K value as a function of 
the period to gap ratio for a two-dimensional model and also a simple dipole 
approximation. 




Fig. 8.3. K as a function of period for an EM undulator with a magnet gap of 
20 mm and realistic coil cross section and current density. 



of each pole along the full length of the device. A similar winding wraps around 
the other half of each pole to complete the Ampere-turns. This technique was 
said to simplify manufacture, connections and cooling of the windings. 

One of the limitations with an EM ID is that the steel poles saturate and 
limit the on-axis fields that can be achieved. In a standard EM design the region 
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that saturates first is where the pole joins to the yoke (the pole root). Some 
designs have tried to suppress this saturation by using permanent magnets, not 
to generate field on-axis, but to effectively reverse-bias the flux in the steel. 
Devices that use this technique are called laced electromagnets [123,124]. 

The first example of this kind was used for the Paladin Free Electron Laser 
(FEL) [125], which successfully demonstrated higher on-axis fields than would 
otherwise have been possible. One disadvantage to this biasing is that it is not 
possible to operate properly with the opposite polarity on the poles. In this case 
the steel saturates very rapidly with increasing excitation current and only low 
fields are achievable on-axis. 



8.2 Helical Magnets 

There are two main families of electromagnets that are used to generate helical 
or elliptical fields. The first is called the bifilar helix, which is a very simple 
coil winding with a circular geometry that generates a pure helical field on-axis 
and the other is the elliptical wiggler that uses EMs to generate the (weak) 
horizontal field; the vertical field can either be produced by EM or permanent 
magnet technology. This latter type of ID usually takes advantage of the EM 
technology by switching the horizontal field rapidly (~ 1 to ~ 100 Hz) so as to 
flip the polarization state from left to right circular, say. 



8.2.1 Bifilar Helical Magnets 

The bifilar helix has a very simple geometry that is made of two helical windings 
with currents flowing in opposite directions (Fig. 8.4). The transverse field on- 
axis generated by wires of zero cross section carrying a current, I, is given by [126] 



B = 



2 HqI 





where Kq and K i are modified Bessel functions and g is the coil diameter (equiv- 
alent to the magnet gap). The undulator deflection parameter for this device is 
then 



This expression is plotted in Fig. 8.5 in a similar manner as for Fig. 8.2. We can 
see that the current demand rises more sharply in the helical magnet than the 
planar magnet at the low period to gap ratios. This is not surprising considering 
that this magnet does not benefit from any iron pole pieces. If we assume a 
current of 10 kA and a magnet diameter of 20 mm then we can plot the K value 
as a function of period (Fig. 8.6). Here we can see that reasonable K values 
can be reached for periods of about twice the gap and greater. However, the 
assumption of a current of 10 kA is optimistic for a normal conductor given that 
current densities beyond 50 A/mm 2 are difficult to water cool. This would imply 
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Fig. 8.4. Sketch of the bifilar helix concept. 




Fig. 8.5. The current I for a given K value as a function of the period to gap 
ratio for a simple bifilar helix. 



a conductor cross section of 200 mm 2 , which would be difficult to fit into a magnet 
with a period of less than 50 mm say. This explains why almost all examples of 
this simple magnet geometry have resorted to superconducting technology. 

The first terms of the expansion of the three-dimensional magnetic fields, 
expressed in cylindrical polar coordinates (p, </>, and s), for a helical winding 
with a finite (cosinusoidal in both <f> and s ) current distribution have been found 
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Fig. 8.6. K as a function of period for a bifilar helix undulator with a magnet 
diameter of 20 mm and a current of 10 kA. 

to be [127] 



- DM) cos (0 - fcr) 
kp J 

h(kp)\ . . , , , 

— sm(0 — fcs) 

kp J 

B s = 2BoIi{kp) sin (<f> — ks) , 

where Bq is the magnitude of the on-axis field, Iq and I\ are modified Bessel 
functions and k = 2it/\ u is the wavenumber. These have also been expressed in 
terms of cartesian coordinates, though this is less useful [78]. 

Efforts have been made to improve the field quality due to the conventional 
two- wire system by including additional wires. In one case [128] two pairs of wires 
were used to improve the field homogeneity with the phase separation between 
the pairs of wires being set by optimization with a two-dimensional magnet code. 

The end terminations for the bifilar helix can cause problems as the current 
carrying wires have to be taken away from the beam axis carefully to connect to 
the power supply. A number of options have been studied to minimize the effect 
of the termination on the electron beam [129]. 

The first FEL experiment used a superconducting bifilar helical magnet that 
was capable of reaching 1.3 T with a bore diameter of 10 mm and period length 
of 32 mm [130]. A normal conducting version was installed in the VEPP2 ring 
at Novosibirsk, interestingly this was later upgraded by including a helical iron 
arrangement to enhance the field levels [131]. The full device was later replaced 
by a superconducting version [121]. 




B p — 2Bq Io(kp) 
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Fig. 8.7. Sketch of an elliptical multipole wiggler with the vertical field gener- 
ated by a permanent magnet hybrid structure and the horizontal field gen- 
erated by an EM system. The horizontal and vertical poles are offset longi- 
tudinally by A u /4. 



8.2.2 Elliptical Wigglers and Undulators 

We have already seen in Section 6.5 that the requirements for an elliptical wiggler 
are a strong vertical field to generate the broad synchrotron radiation spectrum 
and a relatively weak horizontal field that puts a sufficient angular deviation on 
the electron beam so that the observer sees the same polarization state from 
each pole rather than opposite helicities that would otherwise cancel out. If the 
horizontal field polarity is reversed then the observer will see radiation of opposite 
helicity. The vertical field does not need to vary. Therefore, in order to provide 
fast switching of the polarization state (~ 1 to ~ 100 Hz) it is only necessary to 
use an EM system for the horizontal field component. The vertical field can be 
generated with either a permanent magnet or EM based system. 

An example of an elliptical wiggler with a permanent magnet structure to 
provide the vertical field is installed in the NSLS X-ray ring [59, 132]. The peak 
vertical field in this case is 0.8 T with a period of 16 cm. The peak horizontal 
field is 0.22 T. The horizontal poles have to be laminated to reduce the Eddy 
current losses at high frequency (up to 100 Hz). In fact there are higher losses in 
the hybrid magnet induced by the time varying horizontal fields than there are 
in the laminated horizontal poles. 

One problem with this design is that access to the vacuum chamber is highly 
restricted as it is surrounded by the poles of the magnets (see Fig. 8.7). This 
also makes accurate magnet measurements extremely difficult. 
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Fig. 8.8. Sketch of an elliptical multipole wiggler with the vertical and horizon- 
tal fields generated by an EM system. The horizontal and vertical poles are 
offset longitudinally by A u /4. 



The alternative approach, of an all EM device, has been pursued by a collab- 
oration led by ELETTRA [58,133]. The motivation for generating the vertical 
field by an EM was so that the device could also run in undulator mode with 
low vertical field but still high field quality. This also meant that no vertical gap 
movement was required, which removed some other engineering constraints. In 
particular, a simple method for generating the horizontal field with four poles 
rather than two was used, which gave free access to the vacuum chamber region 
for maintenance and also magnet measurements (see Fig. 8.8). 

This device has a longer period (21.2 cm) but lower peak fields (0.5 T vertical 
and 0.1 T horizontal). The vertical field is DC but the horizontal can switch at 
up to 100 Hz. Surprisingly the effect of changing one transverse field on the other 
is quite small (< 1%) because the flux paths generated by the two sets of coils 
are to a large extent independent. A similar device has also been built for the 
APS though this is only designed to operate in the undulator mode [49]. 

Another device that operates as a helical undulator has been built for the 
ESRF [134, 135]. This one is unusual because the vertical field is generated by 
EM coils but the horizontal field is generated by permanent magnets. The per- 
manent magnets are mounted above and below the horizontal plane in a similar 
manner to the planar helical undulators of Section 7.6 so that access for magnet 
measurements is still possible. 

One final helical device that is worth mentioning is the helical crossed undula- 
tor that was built for Super-ACO [60,136]. This is based upon a pair of identical 
planar EM undulators mounted orthogonally to each other so that one provides 
a vertical field and the other a horizontal. Full polarization control is obtained 
by also including a longitudinal translation motion on the vertical undulator. 
This magnet is ideally suited to EM technology because the requirements were 
for a long period, weak field to reduce the total power produced and thus the 
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thermal load on the optics. This device is optimized for a low energy beamline, 
which uses near-normal incidence of the photon beam on the optics, rather than 
grazing incidence, and so power levels were of considerable concern. 



8.3 Superconducting Magnets 

Using superconducting materials in insertion devices opens up new possibilities 
that would otherwise not have been achievable. Superconducting wires have zero 
electrical resistance and so do not suffer from Ohmic losses and heating. As a con- 
sequence they can carry much higher current densities than normal conducting 
cable and that allows magnetic fields of several Tesla to be generated relatively 
easily. 

There are three distinct classes of superconducting ID; high field wavelength 
shifters, medium field multipole wigglers, and short period undulators. Of these 
the high field wavelength shifters are by far the most common with numerous 
operational examples around the world. However, the medium field multipole 
wigglers are presently growing in popularity and there are now a few examples 
of these either in construction or in use. Superconducting short period undulators 
are generating a lot of interest but they have several technological challenges still 
to overcome and at present there are none of these installed in any storage ring 
light source though they have been used successfully in FEL experiments. 

8.3.1 Superconducting Magnet Basics 

Of course the subject of superconductivity is far too large as to be covered here 
to any depth, fortunately there are several excellent texts available for those who 
would like a more detailed explanation of the phenomenon (e.g. [137] and [138]). 
Here I will just give a brief overview of the main features that are relevant to ID 
design. 

There are only really two materials that are used for superconducting IDs 
at present, these are the alloys Niobium-Titanium (NbTi) and Niobium-Tin 
(NbaSn). These are both so-called ‘Type II’ superconductors that are charac- 
terised by a critical surface in temperature, magnetic field, and current density 
space (see Fig. 8.9). If the material is operated below the surface then it will be 
superconducting, if it is taken above the surface then it will be normal conduct- 
ing. Type I superconductors (such as Mercury, Lead, or Tin) are not useful for 
IDs because they are only superconducting at low fields (typically < 0.1 T). 

NbTi is the preferred material to use because it is ductile and easy to form 
into coils. It will remain superconducting up to ~ 6.5 T at 4.2 K or ~ 9 T at 
2 K. In a field of 5 T and temperature of 4.2 K (the boiling point of liquid he- 
lium under atmospheric pressure) it can conduct at current densities in excess 
of 3000 A/mm 2 [138]. Superconducting wires of NbTi consist of many individ- 
ual filaments (typically 20 /iin diameter) held together in a copper matrix that 
provides mechanical stability, an electrical bypass when a filament goes normal 
conducting, and also a heat sink. A 1 mm diameter wire can contain hundreds 
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Fig. 8.9. Sketch of the critical surface for a Type II superconductor, below the 
surface the material will be superconducting and above it it will be normal 
conducting. 



or even thousands of filaments. Typically 20 - 40 wires are wound together to 
form cables. 

The alternative material, NbsSn, is able to operate at higher fields (up to 20 T 
at 4.2 K) but it is very brittle and difficult to work with and should be avoided if 
at all possible. The recent generation of high critical temperature ceramic-copper 
oxide superconductors has made little impact on superconducting magnet coils 
as yet though they are now used for the current leads. 

One important feature of superconducting magnets that is different to nor- 
mal conducting ones is that with such high current densities and strong field 
levels the field quality is set by the position of the conductors rather than the 
(saturated) iron poles and this makes the coil geometry and accurate positioning 
very important. Also, the forces on the coils can be enormous, which is especially 
important because the frictional heating caused by minor coil movement can be 
enough to make the coil normal conducting, which is called a quench. Quenches 
are important because a sudden increase in resistance in a coil that has very 
large current densities flowing within it can easily damage or even destroy that 
coil. Protection systems must be included with the power supply so that in the 
event of a quench the current is rapidly (< 1 s) reduced to zero. 
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The reason that such apparently small effects, such as the frictional energy 
associated with coil motion, can cause significant temperature increases is due 
to the specific heat capacity of materials in general at cryogenic temperatures 
being so small. They are typically 0.1% of their room temperature values [137] 
and so much less energy is required to raise the temperature of the coils. 

One final feature that is related to the quench problem is that of magnet train- 
ing. Often when a magnet is first energized it will quench at a certain field level, 
the second time it will quench at a slightly larger field level, and so on until, after 
a number of quenches, the field level reached each time no longer improves. This 
process is called training and is generally ascribed to small movements within 
the coils that need to be ‘ironed out’. Some magnets reach their design speci- 
fication without quenching while others might need to be trained with several 
energization cycles before reaching the desired level. 

8.3.2 High Field Wavelength Shifters 

These magnets usually consist of a single (or occasionally a few) high field pole 
(typically around 6 T) surrounded by two weaker, approximately half strength, 
side poles to ensure the electron path returns to the nominal beam orbit. There 
are 5 T [22] and 6 T [139] examples installed in the SRS (both about 1 m 
long, including the cryostat). The 7 T BESSY II magnet [24] is designed to run 
in persistent current mode where, by closing a switch within the cryostat, the 
current flows around a purely superconducting circuit and the power supply can 
be mechanically disconnected. This has the advantage of reducing the running 
costs, reducing the consumption of liquid helium, and also removing the magnet 
power supply noise as a possible cause of unwanted electron beam motion. This 
magnet is similar to that installed at CAMD [23] in that it has an extra pole 
at either end so that the electron beam trajectory can be adjusted so that the 
source point at the centre, high-field, pole is always on the nominal beam axis 
for all field levels. 

Another interesting example is the 5 T magnet that was installed on the 
Photon Factory [140]. This magnet was designed to produce a horizontal field so 
that the electron motion was in the vertical plane to produce vertically polarized 
light. To accommodate injection into the storage ring the whole magnet had to be 
translated vertically so that the ‘T’ shaped vacuum chamber presented a larger 
horizontal aperture to the electron beam. This magnet was later replaced [141] 
by a version, which had a wide horizontal aperture between the magnet poles and 
so no vertical movement was then required. This second version also employed 
persistent current switches so that the magnet could run for several weeks with 
the power supply disconnected. The current in the coils gradually decreased 
with time due to the finite resistance at the junction between the coils and the 
switches. The consumption of liquid helium was found to reduce from 4 1/h for 
the first magnet to about 0.1 1/h for the second when it was run in persistent 
mode. 

One final example of note is the wavelength shifter at SPring-8 that has 
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achieved 10.3 T [142, 143]. This is a rare example of the use of NbsSn conductor 
(by necessity) as all of the other examples mentioned above have used only NbTi. 

8.3.3 Medium Field Multipole Wigglers 

The first wiggler of this type was installed on VEPP-3 in 1979 [144]. It had 20 
poles of field strength 3.3 T with a period of 90 mm. After this magnet was 
produced there was relatively little activity in this area for about 15 years. An 
interesting device with three modes of operation was developed for the NSLS in 
the mid-1990s [145]. This device could operate as either an 11 pole, 3 T device, 
a 5 pole, 4.7 T device, or a single pole wavelength shifter at 5.5 T. Switching 
between the different modes involved changing the connections of the magnet 
leads to the power supply. 

More recently M AX-lab have built a multipole wiggler with 47 poles of 3.5 T 
with a period of only 61 mm [146, 147]. An interesting feature of this device 
is that the magnet is ‘cold bore’, that is, the vacuum chamber for the electron 
beam is cooled down to close to 4.2 K. This is unusual because there is then little 
insulation between the potential heat sources associated with the electron beam 
(e.g. synchrotron radiation, resistive wall heating, and wakeffeld effects) and the 
superconducting coils. Also, in the event of a vacuum leak within the storage 
ring water vapour would freeze onto the surface and could cause problems with 
attaining a good vacuum in the future. A very similar magnet has been installed 
into the ELETTRA ring [148], although interestingly this has a slightly warmer 
bore of 20 K. Future light sources are also planning to use magnets with similar 
parameters [112]. 

8.3.4 Short Period Undulators 

It would be very difficult to wind individual coils for short period (< 25 mm) 
undulators so designs have been developed for winding them continuously over 
many tens of periods. In general, wires are wound onto ferromagnetic formers 
that have grooves precisely machined into them to set the periodicity of the 
undulator. A pair of energized formers are brought close together to generate 
the transverse field required. 

An 8.8 mm period device that operated at a 4.4 mm gap was built for an FEL 
experiment [149]. With 70 periods the complete device was about 0.6 m long and 
generated a peak field of 0.51 T (a permanent magnet-based device would have 
generated about 0.4 T). To keep the field errors small (< 0.5%) the solid low 
carbon steel former had to be machined to a tolerance of 15 /nn. A similar design 
for a storage ring has been built and tested successfully on a microtron [150]. This 
had a period of only 3.8 mm and was designed to operate with a gap of between 1 
and 2 mm. The experience gained with this second device has been used to refine 
the design and to match it more closely to the requirements of a storage ring. In 
particular a larger gap of 5 mm has been adopted and a correspondingly longer 
period of 14 mm used [151]. A 10-period prototype has demonstrated peak field 
levels of about 1.3 T, in comparison a permanent magnet-based device would 
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reach about 0.7 T. 

There are many problems with operating this type of undulator in a storage 
ring. Again it will be cold bore and similar comments apply to those above. For 
the short periods designed, a small gap is also required and even if this can be 
tolerated in terms of the electron beam lifetime, it is certain that the heat sources 
associated with the electron beam will be difficult to cope with. Also, although 
magnet measurements at low temperatures are still possible with Hall sensors 
it is difficult to maintain a high accuracy either in terms of the measured field 
level or the exact probe location within the magnet. The difficulties associated 
with making precise magnetic field maps may limit the final quality of these 
devices as any field shimming will by necessity be limited. However, this type of 
device does show much promise in terms of extending the wavelength coverage of 
undulators by generating useful field levels at shorter periods than are presently 
possible with permanent magnet-based devices. If the technological challenges 
can be met then superconducting undulators will surely play a significant part 
in any future light sources. 
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In the past the process of magnet design was often limited to the use of analytical 
techniques and simple numerical codes. Prototype magnets would frequently 
be built and undergo comprehensive magnetic tests to verify the final magnet 
design. Now that we have a suite of three-dimensional magnet codes at our 
fingertips that accurately predict electromagnet and permanent magnet designs, 
it is worth reconsidering our motivation for magnet measurements. If we look 
at graphs comparing predicted magnetic fields against measured ones it is often 
difficult to tell them apart, the agreement appears to be so good. However, looks 
can be deceiving! The fact is that the magnetic field requirements for insertion 
devices, especially undulators, are so demanding that comprehensive magnet 
measurements are essential. First, of course, it would be unwise to solely rely 
upon idealistic computer models as they will not show the effects of the real 
materials on the magnet (e.g. the inhomogeneities in the permanent magnets 
or the actual permeability curve of the steel) nor would they show if a magnet 
block had been inserted with the wrong magnetization direction! Second, it is 
only with the knowledge gained from magnet measurements that the insertion 
device can be adjusted or tweaked to give the best possible performance. This 
process of improvement, often based upon shimming techniques, can make very 
impressive differences to the quality of the radiation emitted by undulators in 
particular. In fact, it is an almost universal practice to not only measure the 
complete insertion device but to measure every single individual magnet block 
prior to assembly. The results of the block tests are then used to specify where 
each individual block should be fitted within the magnet (so-called block sorting) 
to produce the best possible performance in terms of electron beam trajectory 
and spectral output. 

In this chapter, we will first examine the different measurement techniques 
available that have been applied to the characterization of complete insertion 
devices or individual permanent magnet blocks. In the second part of this chapter 
we will examine how the magnet measurement results can be used to first build 
the best possible ID and second to improve the final device to give the best 
possible performance. 
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9.1 Magnet Measurement Techniques 

There are a very wide variety of methods available for measuring magnetic fields 
so only the common ones that are relevant to IDs will be described here. The 
choice of which method to use depends upon the requirements; point measure- 
ments, field integrals, speed, accuracy, geometric constraints, etc. A good ID 
laboratory would have most, if not all, of these techniques available since each 
of these offer some advantage in the correct circumstances. 

9.1.1 Nuclear Magnetic Resonance 

This technique is the most precise one readily available and so is used as the 
primary standard in the laboratory for calibration of other methods. It relies 
upon a fundamental property of particles that have spin and a magnetic mo- 
ment such as the proton or the deuteron. When they are exposed to an external 
magnetic field this magnetic moment precesses about the external field direction 
(like a gyroscope) [152,153]. The precession frequencies of these particles are 
well known and vary linearly with the external field level. Measurement of the 
frequency, which is independent of both temperature and field direction, can be 
carried out very precisely using resonant techniques. 

In practice a sample, such as heavy water or rubber, is placed inside an 
excitation coil that oscillates at high frequency. The sample size is typically a 
cylinder of diameter 5 mm and length 5 mm. The measurement range for each 
probe is essentially limited by the high frequency electronics and so different 
probes must be used to cover a wide field range. The frequency response for 
protons is 42.58 MHz/T and for deuterons is 6.54 MHz/T, hence protons are 
used to cover the lower magnetic held range of about 0.04 - 2 T and deuterons 
the higher held range of about 1.5 - 13.7 T. If required, very low held levels (0.5 
to 3 mT) can be covered using the related technique of electron spin resonance. 
These held ranges quoted are for commercially available instruments that also 
claim absolute accuracy of 5 ppm (parts per million). 

This type of measurement is relatively slow (the order of seconds per reading) 
and requires a stable homogeneous held. Sophisticated techniques are available 
for measuring in magnet held gradients and also time-varying helds [152] but 
these are best avoided if at all possible! 

9.1.2 Hall Generators 

Edwin Hall discovered in 1879 that a thin metal strip carrying a current in 
an external held perpendicular to the plane of the strip developed a voltage, 
orthogonal to the current and the held, that opposed the Lorentz force on the 
electrons (Fig. 9.1). Since this phenomena is directly related to the force on the 
electrons due to an external magnetic held it is not surprising that the Hall 
voltage varies monotonically with the held and can be used as a method for 
measuring the held level. The most sensitive Hall generators should have high 
carrier mobility and low conductivity [154] and so metals are not well suited. 
The best materials to use are semiconductors, particularly InSb and InAs [155], 
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Fig. 9.1. Sketch of a Hall generator. 



and these types of sensor are now widely available from industry. 

The variation of the Hall voltage with field is approximately linear but for 
precise measurements the sensor must be carefully calibrated over the full field 
range of interest, usually using a homogeneous dipole magnet and an NMR 
system (see Section 9.1.1). Of more serious concern is the fact that the response 
of the sensors also varies with temperature and so this must also be accounted for. 
Some probes are kept at a fixed temperature (typically 40°C) using a thermostat 
and small heater fitted to the sensor, while others have integral thermocouples 
that record the temperature and compensate for it. Of course they can only 
account for a variable temperature if they have previously been calibrated as 
a function of temperature which is a rather long-winded process. However, the 
temperature stabilized probes with thermostats are naturally more bulky and 
can be too large for some ID applications. Calibrated Hall sensors, including the 
electronics, are available commercially with accuracies of about 100 ppm over 
field ranges of up to 3 T. The Hall generators themselves typically have a sensitive 
area of about 3 mm by 1 mm though much smaller dimensions are available if 
required. Regular calibration is recommended because the semiconductors and 
electrical contacts can suffer from ageing processes. 

Clearly Hall generators are very sensitive to the direction of the magnetic field 
as well as its polarity. Care must be taken when aligning the probe so that the 
required orientation is set and also that the location of the sensitive area (which 
is generally hidden by the protective packaging, similar to other semiconductor 
devices) is well known. Different sensor packages are available that have two 
or sometimes three Hall generators mounted orthogonally to each other so that 
magnetic fields can be measured simultaneously in more than one plane. Some 
groups have also mounted several generators equally spaced apart in the same 
plane so that the magnetic field in one direction can be measured simultaneously 
at several points. This has the advantage of greatly speeding up field mapping 
of large magnets. Hall generators respond relatively quickly to field changes and 
so measurements ‘on the fly’ are possible (i.e., the probe is scanned continuously 



Magnet Measurement Techniques 



161 



and smoothly through the magnet without actually stopping to take readings) 
to speed up data taking. However, for more accurate results a slower step by 
step method may be needed, though this does not guarantee accuracy as probe 
vibration can then occur and introduce errors. 

One significant cause of error in Hall generators is the so-called planar Hall 
effect. This is a magnetoresistive effect caused by having a magnetic field in the 
plane of the Hall generator that creates an error voltage on top of the Hall volt- 
age. It arises from the difference between the magnetoresistance of the material 
in the transverse and longitudinal directions. Fortunately it is proportional to 
B 2 rather than B and so it always has the same sign, unlike the Hall voltage. A 
simple technique for accounting for this error then is to take one set of measure- 
ments with the Hall generator in the plane of interest and then to take a second 
set with the generator flipped over by 180°. Simple subtraction (and dividing 
by 2) of the two data sets will cancel out the planar term. A more attractive 
proposition is to have two Hall generators mounted one on top of the other but 
with one rotated by 180° so that it reads the Hall voltage of opposite sign. Again 
taking the difference between the two signals will cancel the planar Hall voltage 
error. 

Hall generators will also work at cryogenic temperatures though in this case 
another error is present due to the so-called Shubnikov - de Haas effect [154]. This 
effect produces a field-dependent oscillation in the Hall voltage of the order of 
1%. The effect can be calibrated out, though of course this requires a calibration 
to be performed at cryogenic temperatures. 

All ID labs have some form of Hall probe measurement bench. One or more 
Hall generators are mounted onto a motorized carriage that can be remotely 
manipulated in all three orthogonal axes (Fig. 9.2). They are designed to scan 
along the length of a typical ID so the longitudinal motion will generally be 
at least 2 m and often 5 m. The horizontal and vertical motions only need to 
map out the area between the arrays of the ID so these only need a small range 
of motion, typically 20 - 30 cm in both planes. The complete motion system 
is generally mounted onto a massive synthetic granite slab that is selected to 
damp any vibrations. The position of the carriage must be known accurately as 
this determines the position of the Hall sensor within the magnet. Fortunately 
linear encoders that can measure position with resolutions of better than 1 pm 
are readily available and this is more than adequate given the typical undulator 
period lengths of 10s of mm. 

As mentioned earlier, the favoured method for using such a bench is to con- 
tinuously move the probe along the longitudinal axis (with the horizontal and 
vertical position fixed) and to take measurements quickly enough so that of the 
order of 50 data points per period are recorded. Although the probe speed and 
data taking frequency are adjusted to suit each ID under test, typical values 
quoted are speeds of around 20 - 30 mm/s and measurement frequencies of 20 - 
30 Hz. 
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Fig. 9.2. Sketch of a Hall probe bench. 



9.1.3 Coils 

This is a very old technique based upon measuring the voltage induced in a 
coil as it moves through a region of field or equivalently the voltage induced in 
a stationary coil by a time varying field. Given the simplicity of the technique 
it is surprising how precise it can be if enough care is taken. Since IDs are 
usually static fields it is more common for the coil to either be translated or 
rotated. Long coils are well suited to precise measurements of field integral along 
the electron trajectory, though one of the benefits of this technique is that the 
coil geometry can be matched to the measurement required. For instance, one 
sensitive technique is to use a coil exactly the length of one undulator period 
since as it moves through the main body of the device it should ideally induce 
zero output [156]. Another benefit of using coils is that it is easily adapted for 
measurements at cryogenic temperatures. 

A very common method for measuring conventional accelerator magnets with 
circular cylindrical geometry, such as quadruples and sextupoles, is to use the 
harmonic coil method [157,158]. In this case a long coil is continuously rotated 
inside the magnet with one side of the coil coincident with the rotation axis, 
which is positioned along the magnet axis. The induced integrated voltage is 
measured as a function of rotation angle and Fourier analysed to determine the 
coefficients of all of the multipoles present. The radial field, B r , can be expressed 
as a sum of multipole components with coefficients On and b n [159] 

OO 

B r = Y^[a n cos(n0) + b n sin(nf?)]r n ~ 1 , 

n = 1 

where r is the radius of the circle mapped out (the coil width), and 6 is the angle 
of the coil to the horizontal. This can then be inserted into the equation for the 
integrated voltage induced in the coil 
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J Vdt. = -7VA$ , (9.1) 

where N is the number of turns in the coil and A<F is the change in the magnetic 
flux. The Fourier analysed integrated voltage is of the form 

/ OO 

Vdt = ^2 Vn c COS (n9) + Vn s sin(n0) 

n=l 

and the integrated (along the length of the coil) multipole coefficients are given 
by [159] 



nV nc 

2 Nr n sin(nA0/2) 

n ^n a 

2Nr n sin(nA6>/2) ! 

where Ad is the angular step size per integrated voltage. The A n terms refer to 
skew fields and the B n terms refer to normal fields. So A± is the skew dipole 
(i.e. horizontal field), B\ is the normal dipole (i.e. vertical field), A 2 is the skew 
quadrupole and so on. 

Unfortunately the ID geometry of a narrow vertical aperture and a wide 
horizontal one is not well suited to this technique and so it is rarely used. Only 
small width coils can be used (unless the ID gap is opened) and these will be less 
sensitive to the higher order multipoles. However, the advent of the stretched wire 
technique has made implementation of this harmonic method straightforward 
and so it is likely to become more popular in ID measurement than it has been 
up to now. 

The most common coil system used with IDs is the flipping coil, which is 
used to measure the field integrals along the full length of the magnet. It is 
more precise than numerically integrating Hall probe data and also a far quicker 
measurement. 

9. 1.3.1 Flipping Coils In this method a long coil (typically 1 m longer than 
the ID length) is rotated in 90° steps within the ID and the integrated volt- 
age recorded (Fig. 9.3). To avoid complicated electrical contacts the coil only 
completes one revolution and then reverses its direction to return to its starting 
position (again taking data in steps on the return journey). The coil generally 
moves relatively slowly, a few seconds per data point. The integrated vertical 
field can be deduced from the rotation between 0° and 180° and the integrated 
horizontal field from the result between 90° and 270°. If the data is recorded in 
90° steps then both integrals can be readily calculated from the one data set and 
it also allows for some redundancy in the data to check for reproducibility. 

Rewriting (9.1), for the vertical field case, for a coil of length L and width 
W gives 



A n — 

Bn = 
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Fig. 9.3. Sketch of a flipping coil system. 



Vdt = -N 



L/2 r W/2 



Bydxds 



-NW 



L/2 



Byds 



J J -L/2 J -W/2 J-L/2 

assuming that B y does not depend upon x (i.e. W is small). Then, the first 
vertical field integral is given by (see Section 7.5) 



I Vdt 



Values for the integrated multipoles mentioned earlier can also be found by 
measuring the field integrals as a function of x. In this case the skew components 
are found from horizontal field integrals and normal components from vertical 
field integrals, 



OO 

I x {x) = y^^AnX 71-1 

n = 1 
oo 

Iy{x) = Y B n X n - 1 . 

71 = 1 
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In practice, the field integral data is measured as a function of x by simply 
translating the coil centre to the required setting. It is then fitted to a polynomial 
function with coefficients corresponding to the dipole, quadrupole, sextupole etc. 

The coil itself is simply stretched between two formers that define the coil 
width (typically 10 mm). The alternative of mounting the coil to a long, solid 
former is not used because the coil geometry would then be less well known. Even 
so, the error introduced due to the width of the coil being difficult to measure 
accurately could easily be of the order of 1%. Fortunately, since the requirement 
is usually to set the integrals to zero, this is not a significant drawback for this 
technique. To make the coil it is usual to use a single turn of Litz wire, which is 
itself made of many thin strands (~ 40 /zm diameter) of conductor. The individual 
strands are then connected together in series to form a coil of typically 20 or 30 
turns. 

The system performance of flipping coils measuring complete IDs is very 
impressive. Reproducibilities of 3 pTm have been achieved [160], which is about 
an order of magnitude better than what a scanning Hall probe can manage. 
When field integrals can be resolved to this level it is necessary to take into 
account the Earth’s magnetic field. A typical value for this field is 50 /zT, so over 
1 m it will generate about 50 /uTm. 

Often a flipping coil system is combined with a Hall probe bench so that 
both point by point and fast integral measurements can be made on the same ID 
without the need to move it to a new location and resurvey the magnet. The coil 
is mounted at each end onto a remotely operated xyz stage that has an additional 
rotation table mounted onto it. Again /jin resolution position encoders are used 
for the translation motion and for the rotation table angular encoders that can 
resolve 0.001° are readily available. These motion stages are again generally 
mounted onto synthetic granite blocks to reduce vibrations. 

9. 1.3. 2 Stretched Wires This technique is based upon the concept of not mov- 
ing a complete coil within a magnetic field but only part of a coil. One side of 
a coil is stretched straight between two supports and held within the magnetic 
field (Fig. 9.4). The return path of the coil is taken well away from the magnetic 
field and is kept stationary throughout. The stretched section is then translated 
within the magnetic field, cutting the flux and so inducing a voltage within the 
coil. This idea was first applied to quadrupoles [161] but was later implemented 
for ID measurements [159,162]. 

If the stretched wire, of length L , is translated horizontally by a distance, 
Ax, (Fig. 9.5(a)) then the change in the magnetic flux is 

/ L/2 pci-\-Ax pL/2 

/ B v dxds ~ Ax / B v ds . 

-L j 1 ! J a J —L/2 

Clearly the above assumes that the magnetic field is not varying with the hori- 
zontal position. The first field integral is then given by 
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Fig. 9.4. Sketch of a stretched wire system. 



JVdt 

v NAx ' 

A similar equation can be generated for I x that depends upon a vertical trans- 
lation Ay. The advantages of this technique over the flipping coil are that the 
translations, Aa: or Ay, are not set by any fixed coil dimension but can be se- 
lected for each case as a compromise between signal levels and spatial resolution 
for the integral measurements. Also, with modern motors and encoders, it is 
relatively simple to translate the wire with pm accuracy over the full length of 
the wire. The systematic error term in the flipping coil system due to the width 
of the coil not being well known over its length has effectively been removed. 
One further point, that also applies to the flipping coil system, is that precise 
synchronization between the translation stages at each end of the wire is not 
necessary. It is enough to set the start and end points accurately. 

Another feature of the stretched wire system is the ability to measure the 
second field integral. In this case the two ends of the wire are translated in 
opposite directions (Fig. 9.5(b)). In this case then the change in the magnetic 
flux is given by 



r L / 2 r-sAx/L 2NAx f L / 2 

A4> = / / Bydxds ~ — - — / sByds . 

J-L/2 J-sAx/L L J-L/2 
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Fig. 9.5. Wire translations used in the stretched wire system to measure (a) 
first field integral and (b) second field integral. 



Again assuming that the vertical field does not depend on x. This integral term 
is proportional to the (negative) position of the electron beam back projected 
to the centre plane of the magnet (eqn (7.4)) and is related to the second field 
integral using a simple geometrical argument by 

LI C L / 2 

II y = —L- / sB y ds . 

1 J-L/2 



Therefore the second field integral is given by 



II + 

v ~ 2 + 2NAx 



Vdt . 



In practical terms, it is usual to make a coil with 20 - 30 turns again using 
Litz wire. The tension in the wire can have a significant effect on the repeatability 
of measurements and it must be adjusted empirically until good reproducibility 
is achieved. Typical values quoted for the standard deviation in a series of repeat 
measurements are 1.5 - 2 /.iTm for the first field integral and 0.7 - 1 /iTm 2 for 
the second field integral [159, 162], The wire is usually translated by up to 10 mm 
in a few seconds. The hardware involved in setting up a stretched wire system is 
identical to that used for the flipping coil bench, except it does not require any 
rotation stage. Therefore, both techniques can be available with the same bench 
by simply changing the coil arrangement. However, experience seems to show 
that once a particular system is up and running successfully it is not tampered 
with without a very good reason! 
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Fig. 9.6. Sketch of a pulsed wire system. 



One interesting benefit of this technique is that the harmonic coil method 
can be easily implemented by simply programming a circular path into the wire 
translation stages. As a consequence the harmonic method is now used to mea- 
sure IDs at some laboratories [159,162]. It is also worth noting that the technique 
described for measuring the second field integral can also be equally applied to 
a flipping coil system that has one end rotated by 180° with respect to the other 
end at the start of the measurement so that the coil is twisted and maps out a 
similar shape as that of the stretched wire (Fig. 9.5(b)). 

9.1.4 Pulsed Wires 

This is another technique that is based upon a simple concept that requires 
care in setting up to get the best performance. A wire is stretched through the 
magnet and a short current pulse (a delta function) is passed through it (Fig. 
9.6). The current impulse passing through the magnetic field causes a wave to 
travel along the wire. An optical sensor that can detect the motion of the wire 
is placed outside the magnetic field region and this measures the position of the 
wire as a function of time. It can be shown that the amplitude of the wire at the 
sensor, x(t), for a current pulse, Idt , is proportional to the integral of the field 
versus position along the wire [163] 



Idt r vt 

*<‘> = 2 TpI 

where v = \JT / P is the velocity of the acoustic wave, P is the linear density of 
the wire, and T is the wire tension. In other words, the measured wire amplitude 
with time is directly proportional to I y (s ) or the angular deflection experienced 
by an electron as it travels through the magnet. 
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Furthermore, if a current step is applied to the wire (the integral of a delta 
function) , rather than a pulse then the measured wire amplitude is now propor- 
tional to the second field integral II y (s) [163] 



x{t) = 



I 

2 v 2 P 




Bydsds . 



So this technique can either provide a measure of the electron beam displacement 
or angle through the magnet depending upon the current pulse shape selected. 
Of course, it is possible to detect either horizontal or vertical field integrals by 
simply changing the orientation of the detector. Typical values for the current 
pulse are a few Amps over some 10’s of /is (for the first integral measurement). 
The peak deflection in the wire is of the order of 100 /mi and the wave velocity 
is typically 300 m/s though of course these values vary with the wire selected. 
Beryllium-Copper alloy wire seems to be favoured due to its high tensile strength 
(and so less sag) and also good conductivity [164,165]. 

The wire length has to be quite a bit longer than the magnet under test so 
that reflections from the wire mounts do not interfere with the first pass data 
from the magnet. Wire sag can then be quite an issue since the wire will not 
be perfectly aligned along the electron beam axis. Even BeCu wire can sag by 
~ 10 /zm over 1 m or ~1 mm over 10 m [163]. This particular issue is not limited 
to this technique alone, it is common to all suspended coil and wire systems. 
Another effect that is worsened with wires of longer length is that of dispersion. 
The velocity of the waves in the wire is a function of their wavelength and so 
even the ideal signal will degrade with distance travelled, as the different Fourier 
components in the signal will arrive at slightly different times. The effect of 
this dispersion has been negligible in some experiments [164] but significant in 
others [165], although it has been demonstrated that increasing the tension in 
the wire can reduce this problem. Other effects caused by imperfections in the 
wire have been alleviated by choosing a thicker wire (250 /mi) [165]. 

Even though this technique does not provide a calibrated measurement of 
the electron trajectory or angle through the ID it does still possess some very 
definite advantages over the other techniques described. First, by its nature it is 
a very fast method and it is easy to record hundreds of signals for averaging pur- 
poses. Second, it is able to be implemented in magnets that have very restricted 
apertures (sub mm gaps) and with no side access. Third, it will highlight local 
trajectory errors and can be used to accurately determine the magnetic axis for 
survey and alignment purposes [166]. 

Again, the pulsed wire method requires much of the hardware that the 
flipping coil system also uses, in particular the remotely operated xyz tables 
mounted on stable plinths. Of course, it additionally requires the pulsed current 
source and the optical detector but in principle it could be implemented on the 
same basic bench as the flipping coil or stretched wire system. 
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9.1.5 Helmholtz Coils 

This technique is not used for measuring complete magnet assemblies but rather 
individual permanent magnet blocks prior to assembly. This is important as the 
measured magnetic information for each block is often used to decide the exact 
location of each individual block in the complete magnet arrays. This idea of 
block sorting will be treated in more detail later in this chapter. 

Helmholtz coils consist of a pair of circular coils of radius, R, made up of N 
turns that are separated by a distance, S (Fig. 9.7). If this separation distance 
is close to the value for the radius then the magnetic held, B , near the centre of 
the coil pair, generated by a current / in each coil, is uniform and parallel to the 
coil axis [167]. 



B = 



Mo NI 
RG 



where G is a geometric constant for the coil pair, given by [168] 



(9.2) 



G = 




So in the ideal case, where S = R, we have that G = (5/4) 3 / 2 = 1.3975. 

To measure the magnetization along one axis of a magnet block the block 
is placed in the central region of the (unpowered!) coils with the desired mag- 
netization direction parallel to the coil axis and so pointing at one coil. Then 
the integrated voltage induced in the coils is measured as the block is rotated 
(sometimes by hand) by 180° so that it is again parallel to the coil axis but 
pointing at the opposite coil. All three magnetization direction strengths can be 
obtained by performing three measurements each starting with different block 
orientation. Of course repeated measurements, with different block alignments 
can be used to improve the accuracy of the data and also to eliminate systematic 
effects due to imperfect alignment of the block with the coil axis. 

The integrated voltage due to a block of magnetization, M, and volume, U, 
being rotated by 180° is given by [169] 



/ 



Vdt = 



2NMU 

RG 



The selection of the coil radius is related to the anticipated block dimensions 
to be measured. A larger radius will ensure that the field homogeneity range 
covers the entire block but will give a smaller signal to detect. For blocks with 
longest dimension of around 50 - 100 mm, the coil radius selected is typically 
30 - 60 cm. The number of turns is usually of the order of 500 - 1000 using 
insulated copper wire of diameter 0.1 - 0.3 mm. Clearly the finite dimensions of 
the manufactured coil will place some uncertainty as to the correct values to use 
for the radius and separation in the calibration constant, G. Mean values for S 
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Fig. 9.7. Sketch of a pair of Helmholtz coils. 

and R can be measured but an alternative method is to pass a known current 
through the coils and to record the magnetic field produced at the centre of the 
coil pair. The constant, RG , can then be found using (9.2). However, the actual 
magnetic field is very small to measure (a few mT) and so the accuracy of this 
measurement may give a larger error in the geometric constant than relying upon 
the measured dimensions. 

9.2 Improving Insertion Device Performance 

The motivation for making detailed magnet measurements of insertion devices 
is not just to confirm the magnet design but also to detect and correct minor 
imperfections. The ID will then give the best possible performance in terms of 
minimizing the disruptive effect on the electron beam and providing the opti- 
mum spectral output. Before we can make corrections to the magnetic field we 
have to have some means of assessing the magnetic quality of an ID. First we 
can say that the first and second field integrals should be zero along the beam 
axis so that there is no net effect on the electron beam orbit. Second, since un- 
dulator radiation is a constructive interference effect the phase advance between 
successive poles should be equal to tt in an ideal magnet (27r per period). Cal- 
culating the deviation of the radiation phase from this ideal along the length of 
the magnet is a good measure of the radiation quality that will be produced by 
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the undulator and this is now a common technique for comparing the magnetic 
quality of undulators. 

9.2.1 Phase Error 

Traditionally undulator quality was measured in terms of the magnetic field de- 
viation from the ideal value, in particular the rms peak field error was often used 
as a figure of merit. However, since the electron trajectory is strongly dependent 
upon the order in which it encounters the field errors and not just the spread in 
the errors, this quantity is poorly correlated with the spectral performance of an 
undulator [170, 171]. A quantity that has been shown to be well correlated with 
the spectral output is the rms phase error, [172,173]. 

The radiation phase, <I>, is given by 

$0i) = J (ipr + J x 2 (s)ds'j , 

where A is the radiated wavelength and x is the electron angle ( dx/ds ) from 
(7.2). The evolution of the phase for an ideal undulator is shown in Fig. 9.8. The 
phase errors are defined as the deviations from the ideal values at the points 
where the tangent to the trajectory are parallel to the longitudinal axis (x = 0). 
However, since the phase varies slowly around the poles, the phase errors can in- 
stead be evaluated at the nominal pole positions as this is an adequate measure 
of the phase error for each emission point [172]. The underlying linear varia- 
tion with position in the phase can be subtracted as this corresponds exactly to 
the 27r/period phase advance, indeed this gradient effectively defines the output 
wavelength of the undulator. The phase errors will then be scattered randomly 
about zero and the rms value of these errors, <r$, is able to be used as a figure 
of merit for the undulator quality. The phase errors at the poles of an undulator 
with random field errors included is shown in Fig. 9.9 and the corresponding 
electron trajectory is shown in Fig. 9.10. The field model has been constructed 
from a series of alternating half sine waves with a 0.5% rms random amplitude 
variation and then the trajectory has been corrected so that the electron exits 
the undulator on-axis by applying a static magnetic field along the full length of 
the device. In practice the phase errors at the ends of the magnet can be dispro- 
portionately large, even for ideal magnets, and for this reason it is conventional 
to ignore the first and last two or three periods when calculating cr$ [173]. In the 
example of Fig. 9.9, <r$ is 8.0 degrees. 

The relevance of the rms phase error is that it is well correlated with the 
intensity of the output radiation, larger values mean lower intensity at the har- 
monics (because the photon energy width of the harmonics widens and not be- 
cause the electrons are no longer emitting radiation). The phase error we have 
calculated has been for the first harmonic and so it is three times larger for the 
third harmonic and so on. For this reason the effect of this error increases with 
each harmonic. This is why it was felt that during the design of the first third 
generation light sources that undulators would not be useful beyond about the 
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Fig. 9.8. Graph showing the radiation phase as a function of position in an 
ideal undulator with 5 periods. The undulator period is 50 mm, its K value 
is 3 and the phase has been evaluated for a 3 GeV electron trajectory that is 
also shown. Note that the phase is given in units of n. 



fifth harmonic. It is to the credit of the undulator experts that, by implementing 
clever magnet sorting and shimming techniques, they have been able to reduce 
the phase errors to such an extent that operation of up to at least the 15th 
harmonic is now relied upon by the latest synchrotron light sources. 

The ratio of the peak intensity for the odd harmonics on-axis to the ideal 
undulator, f?, is given by [172] 

„ (1 — e _ ” 2<T *)lV + e _ " 2<T *fV 2 

/? = 1 L p~ n 

N 2 ’ 

where n is the harmonic number and N is the number of periods. This function 
is plotted for the first harmonics in Fig. 9.11. 

The process by which an ID with low phase error is produced is usually 
carried out in two stages, especially for pure permanent magnet devices where 
linear superposition of the fields simplifies modelling. The first stage is to measure 
each magnet block individually, either in terms of magnetization strengths, field 
integrals, or by taking point by point field measurements. Then, this data is 
used to select the exact location of each block so as to optimize the quality of 
the final device, this stage is called sorting. The second stage is to measure the 
field of the full device and then to improve it by tweaking it, either by swapping 
magnet blocks around, making small changes to block positions (e.g. raising a 
block slightly) or by placing thin ferromagnetic strips or shims onto the magnet 
array surfaces. This second stage is generally referred to as shimming though 
strictly this term only applies to the use of shims of course. 
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Longitudinal position (m) 



Fig. 9.9. Graph showing the phase error in degrees at the poles of a 20 period 
undulator with random 0.5% normal distribution field errors included. The 
undulator period is 50 mm, its K value is 3 and the phase has been evaluated 
for a 3 GeV electron whose trajectory is shown in Fig. 9.10. 



« 


2 


c 

.2 


0 


* C/3 


-2 


O 

Qh 


-4 


3 

c 

0 


-6 


. N 

X 

0 


-8 


X 


-10 

-12 



-0.6 -0.4 -0.2 0.0 0.2 

Longitudinal position (m) 



0.4 



0.6 



Fig. 9.10. Graph showing the trajectory of a 3 GeV electron through the 20 
period undulator with field errors included as for Fig. 9.9. 



9.2.2 Block Sorting 

The problem of block sorting belongs to the class of problem called combinatorial 
minimization where we want to minimize some function for which there is a 
finite set of possible combinations. In our case we want to minimize the phase 
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Fig. 9.11. Graph showing the ratio of the on-axis intensity to the ideal as a 
function of rms phase error for the first four odd harmonics. 



and trajectory errors by choosing the best arrangement of magnet blocks. Given 
enough time we could simply try every possible combination and choose the 
best one (the global minimum). Of course the snag is that there are so many 
combinations that there is no way that all of them could be evaluated. We need 
some method then of finding a good solution in a reasonable time. It is important 
to realize that whatever algorithm we adopt to find our solution it will find a 
good solution (a local minimum in the function) but it will not necessarily find 
the best solution. Given that this sort of problem is not one that is unique to 
IDs it is no surprise that standard mathematical routines have been adopted 
and applied to magnet sorting. The most common technique adopted is that of 
simidated annealing or variations of it [174-176] though others have successfully 
demonstrated the use of genetic algorithms as well [177,178]. 

9. 2. 2.1 Simulated Annealing As its name suggests, simulated annealing [179, 
180] is analogous to the physical process of annealing or slow cooling that allows 
atoms the opportunity to find a low energy state such as when liquids crystallize 
or metals anneal. The alternative of fast cooling or quenching will leave materials 
in a higher energy state because the atoms will not have had the chance to 
‘explore’ their neighbourhood to find the low energy positions. 

So, simulated annealing is an algorithm which has a parameter that corre- 
sponds to a ‘temperature’, T, and this parameter reduces slowly with time and 
the number of iterations. The algorithm uses a similar concept to the Boltzmann 
distribution, where the probability of a particular particle having a certain en- 
ergy, E, depends upon £~ E l kT where k is the Boltzmann constant. The algorithm 
starts with a random configuration (of blocks, in our case) and a high temper- 
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ature and the aim is to minimize the ‘energy’ (our undulator quality factor). 
Random block position changes are then tried and if they give a lower energy 
they are always kept, if not they are sometimes kept. The decision as to whether 
or not to retain a new configuration that gives a higher energy is taken by com- 
paring a random number with a form of the Boltzmann probability. So, at high 
temperatures the probability of retaining these higher energy configurations is 
high but as the system cools the probability reduces, although it is still finite. 
The algorithm naturally explores a wide range of the configuration space at high 
temperature and tends to make the ‘big’ decisions that have the greatest effect 
upon the energy. As the system cools, smaller refinements occur that cause the 
algorithm to home in on a particular local minimum. 

One crucial input to the simulated annealing (or any other) algorithm is the 
definition of the energy or cost function. This defines what should be minimized 
and also gives the relative importance of different contributors to the function. 
It is not enough to simply minimize the rms phase error because the electron 
trajectory may then not be acceptable. It is better to make the function a sum 
of all the terms that are important and then to give each term a particular 
weighting factor. For instance, the sum is likely to include as a minimum the 
rms phase error and the first field integrals on-axis in both planes. However, 
it could also include the first and second field integrals at different transverse 
positions, the trajectory straightness, and also the rms peak field variation. 

9.2.3 Magnet Shimming 

Shimming is a general term applied to the final stage of tweaking the assembled 
insertion device so as to optimize the magnet performance. Sometimes magnet 
blocks are replaced or their orientation flipped [181], sometimes a block is raised 
by a tenth of a mm or so to slightly adjust the field strength locally or, more 
commonly, thin ferromagnetic shims are attached to the top surface of the mag- 
net arrays in a few key positions. As this last technique is the most common, that 
is the one that shall be described in some detail though the principles associated 
with the other two methods are broadly similar. 

There is quite a bit of freedom available with the use of shims. The thickness 
of each shim can be selected (in a few discrete steps) to be between 0.05 and 
0.5 mm typically. The width and length of the shims are also free parameters, 
as well as the exact location on the array and of course the number of shims 
to use. Given all this freedom it might sound like an almost impossible task to 
choose these parameters for an unspecified number of shims. In fact, it is not so 
daunting as it might appear. The first step is to generate a ‘signature’ for each 
shim option, usually by using a magnet simulation code but also sometimes by 
direct measurement [175]. The signature is simply the change in the magnetic 
fields due to placing a particular sized shim in a specific location. A number of 
signatures are generated for the possible shim options in certain discrete steps in 
dimension, for example, as well as different possible positions on the array. Figure 
9.12 is a sketch of an array with shims attached. These show the standard shim 
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Fig. 9.12. Sketch of an undulator array with shims attached. 



locations; either placed centrally (in the longitudinal direction) on a vertically 
magnetized block (a V shim) or a horizontally magnetized block (an H shim). 
The transverse position is still a free parameter. The V shim is an obvious choice 
as this will enhance the field locally under the pole, the H shim is more subtle. 
The effect of the two shims on the vertical magnetic field as a function of the 
longitudinal position is shown in Fig. 9.13. As expected the V shim increases the 
field locally and it also has a small integrated field effect (A f B y ds), in this case 
of about 80 /xTm. The H shim has an antisymmetric signature so that it has an 
integrated field change of zero. However, by slightly adjusting the path length 
taken by the electron it will affect the phase without changing the first and 
second field integrals or the trajectory straightness. So, the V shims will adjust 
all the quality factors of interest, such as the first and second field integrals, the 
phase, the local peak field, and the trajectory straightness whereas the H shims 
can adjust the phase independently. A similar approach can be applied to the 
hybrid case [182]. 

Shim signatures for the transverse direction are shown in Figs. 9.14 and 
9.15. Here we can see that both the horizontal and vertical fields are adjusted 
simultaneously and that this adjustment varies with the transverse position of 
the shim. This transverse information is needed to correct the field integrals so 
that they are flat as a function of transverse position to minimize the higher order 
multipoles that could affect the electron beam dynamics (see Section 9. 1.3.1). 
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Fig. 9.13. Graph showing the effect of a shim placed on top of either a vertically 
magnetized block (centre at 0 mm) or a horizontally magnetized block (centre 
at 12.5 mm). The undulator period is 50 mm and the magnet gap is 20 mm. 
The shim is 0.5 mm thick, 10 mm wide and is the length of a single magnet 
block (12.5 mm). 



Once the shim signatures have been generated then the next step is to again 
use an optimization algorithm, often simulated annealing as for the block sorting, 
to select the optimum shim sizes and locations. This optimization may be split 
into two stages, the first being to optimize the V shim locations, which affects 
all of the parameters in the cost function. The second is then to optimize the H 
shim locations so as to fine tune the phase error only. An interesting point to 
note is that since the H shim shunts a small amount of flux from the H block it 
reduces the field level at both poles. As a consequence this final stage of applying 
just H shims will always reduce the average peak field level of the undulator. One 
added complication that has not been mentioned yet is that everything changes 
as a function of gap! So, the signatures and the optimization should also try to 
take this into account. 

Excellent results have been obtained through the application of shims. Field 
integrals and multipoles can be controlled [183], phase errors below 1° have been 
achieved [184], though a more typical target value would be 2 or 3°. The fact that 
the phase error can now be adjusted to these low levels ensures that its effect on 
the intensity of the undulator harmonics is no longer the dominating factor. The 
effect of the electron beam emittance and energy spread is now more detrimental 
at the high harmonics. For example, an undulator with a phase error of between 
0.8° and 2.1° over a gap range of 20 - 50 mm was predicted to emit intensities 
of about 80% of the ideal theoretical result even up to the 21st harmonic [184]. 
However, the electron beam emittance and energy spread are far more harmful 





Improving Insertion Device Performance 



179 



E 

5 




-50 -40 -30 -20 -10 0 10 20 30 40 50 



Transverse position (mm) 



Fig. 9.14. Graph showing the effect of a shim placed on top of a vertically 
magnetized block on both the horizontal and vertical magnetic fields in the 
transverse plane. The undulator and shim parameters are as for Fig. 9.13 and 
the magnet block width is 60 mm. 
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Fig. 9.15. As for Fig. 9.14 except the shim is displaced 15 mm in the transverse 
direction. 



than this, in this example, having roughly equal effects upon the ideal intensity 
in this case, and they reduce the predicted intensity to only 4% of the ideal at 
the 21st harmonic. 
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The Effect of Insertion Devices on the Electron 

Beam 



It is no surprise that the electrons that emit synchrotron radiation (SR) by 
interacting with insertion devices (IDs) suffer some consequences. Of course they 
will lose some fraction of their energy, which needs to be replaced in a storage 
ring by an accelerating cavity, but there are more subtle effects also at work. In 
this chapter, we will try to look at how the periodic fields of an ID can disrupt a 
beam of electrons, sometimes with positive results and sometimes with negative 
results. 

This chapter assumes a certain knowledge of electron beam dynamics, espe- 
cially in regard to storage rings, since it is too big a subject to possibly cover 
here. There are several texts available that cover this subject at the introductory 
level [18] and also to some depth [185, 186] for the reader who has a particular 
interest in this area. 



10.1 The Effect on the Synchrotron Radiation Integrals 

There are a number of well known electron beam parameters, such as the emit- 
tance, bunch length, and the energy spread, that are determined by equilibrium 
processes in a storage ring that involve the emission of synchrotron radiation. 
The balance between damping by longitudinal acceleration in the cavities and 
excitation by the quantum emission of synchrotron radiation is all important 
for electron storage rings. The fundamental electron beam properties are thus 
determined to some extent by the bending magnets where SR is always emitted. 
Since IDs will increase the amount of SR power emitted it is clear that they must 
disrupt the equilibrium and therefore change these electron beam parameters. 

Five simple equations are used by accelerator physicists to determine these 
radiation dependent beam properties and these are called the synchrotron radi- 
ation integrals [185]. We can look at how much an ID will change these integrals 
and hence how much the electron beam parameters will change when the ID is 
introduced into the storage ring. First, we will assume the standard planar ID 
with a sinusoidal field variation. 




B = Bq sin 
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Expressing this in terms of bending radius, p, instead of magnetic field (since 
the synchrotron radiation integrals are generally expressed with 1/p terms), we 
get 



1 

P 




The integrals also refer to a quantity called dispersion, r], which is a measure of 
the trajectory that will be taken by electrons that are not at the correct energy. 
This is most easily understood by considering the path taken by electrons of 
different energy in a dipole magnet. It is clear that electrons with a higher than 
nominal energy will take a circular path with a larger radius and those with 
a lower energy will follow a tighter radius. In other words the electron beam 
becomes dispersed in transverse position to an extent determined exactly by the 
electrons energy and the dipole field. This effect is of course used in spectrometer 
magnets to measure electron beam energy. The trajectory deviation from the 
nominal value is simply given by the product of the dispersion and the relative 
electron energy deviation, rjAE/E. 

Since electrons travelling through IDs will take different trajectories depend- 
ing upon their energy these magnets will themselves ‘generate’ dispersion, which 
is the so-called self dispersion. The trajectory taken has a simple dependence 
upon the electron energy (3.3) and the dispersion generated by the ID is simply 
—x. Similarly the rate of change of dispersion, f] = drj/ds, is given by —x. This 
can be combined with the dispersion that is present without the ID installed, rp 
and f]o to give the general result for a straight section that contains an ID, 
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The first three synchrotron radiation integrals are defined as 
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where C is the circumference of the ring, and so the changes in these integrals 
due to the introduction of the ID of length L can now be calculated: 
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For the last two integrals we have to do a little more work. The I 4 integral 
contains a focussing term, k, which is given by [25] 
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The fourth integral is defined as 
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and so the change in I 4 is 
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The fifth integral, h, contains a quantity that is called the dispersion H function 
that depends upon the so-called Twiss parameters of the storage ring (a, (3, 
and 7 ). These parameters are set by the arrangement and strength of the dipole 
and quadrupole magnets (often referred to as the magnet lattice) and define the 
transverse motion of the electron beam around the ring. Note that they are not 
related to the f3 and 7 parameters that are used throughout this book for the 
relative velocity and energy of the electron, though unfortunately, by convention, 
they share the same symbols. The H function is defined as 



H = 7 x ti 2 + 2a x r)p + P x p 2 



and the fifth synchrotron radiation integral as 




There is no general solution for the change in h due to an ID but we can derive an 
approximate result for the case where the dispersion without the ID installed in 
the straight is zero. This is actually a common situation for all third generation 
storage rings; the dispersion is deliberately set to zero or close to zero in the 
straight sections. In this case then the (3 x r ) 2 term dominates and 
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where f3 x is the average value of (3 X along the length of the ID. 



10.1.1 Beam Emittance 

The electron beam emittance is given by 
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= C q 7 2 
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where C q is a constant (3.83 x 10 13 m). So the fractional change in emittance 
due to the ID is given by 



eiD = (h + A/ 5 )/((/ 2 + AJ 2 ) - (h + Ah)) 
e h/(h - h) 



1 + Ah / h 

1 + (A I 2 - A h)/{I 2 - I 4 ) 



A typical bending radius for a storage ring bending magnet (pbm) and also 
for an ID ( po ) would be of the order of 5 - 20 m. So we can see by inspection of 
the equations that Ah » Ah. It is generally the case that h » h as well 
since the focussing term in h is usually zero or close to zero. In this case then 
the h terms can be neglected in the emittance change equation. 

Fig. 10.1 shows how the emittance can change as a function of ID peak field 
strength for a typical third generation light source. We can see that for this case, 
where the natural dispersion in the straight is assumed to be zero, all of the 
examples presented actually reduce the emittance. If the natural dispersion in 
the straight is finite then the effect on the emittance can be quite dramatic. For 
example, an emittance increase of 50% is observed in the second generation SRS 
with the 6 T wavelength shifter [21]. It is because of the need to minimize the 
effect of the IDs on the emittance that third generation rings were designed to 
have zero natural dispersion in the straight sections. 

Since IDs can have quite dramatic effects upon the natural emittance of a ring 
it is not surprising that they have been used to deliberately reduce the emittance 
of some rings. These particular IDs are called damping wigglers and they have 
been used successfully in colliding beam storage rings, such as LEP [187]. The 
next generation of electron and positron linear colliders rely very heavily on the 
use of damping rings to condition the beam at relatively low energy before it is 
accelerated to high energy and collided. These rings are extremely technologically 
challenging and to achieve the damping required in the short time available large 
numbers of damping wigglers are required. For example, the TESLA proposal 
envisages the use of damping wigglers of total length ~ 475 m with a period of 
400 mm and a peak field of 1.67 T [188, 189]. 
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Fig. 10.1. Graph showing the fractional change in the emittance as a function 
of ID peak field strength in a ring with zero natural dispersion in the straight 
section. The storage ring energy is 3 GeV, the bending radius is 7.14 m, the 
natural emittance is 5 nmrad, and the average beta value is 5 m. 

10.1.2 Energy Spread 

The electron beam energy spread is given by 

(¥)’ = <*” 27^' 

So, in a similar way as for the emittance, we can say that the fractional change 
in the energy spread due to an ID is 

f TEid V _ 1 + A/3//3 

V <TE ) - l + (2A/ 2 + A/ 4 )/(2/ 2 + J 4 ) ' 

Again we can neglect I 4 and this then gives 
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Fig. 10.2 shows how the energy spread varies as a function of ID peak field 
strength for a typical storage ring. In this case there is no dependence upon the 
period of the ID and it is much easier to increase the energy spread rather than 
decrease it. 

10.1.3 Damping Times 

All perturbations to the electron beam in a storage ring have natural damping 
terms that help to maintain stability of the motion. The damping that is due to 
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Fig. 10.2. Graph showing the fractional change in the energy spread as a func- 
tion of ID peak field strength in a storage ring. The storage ring energy is 
3 GeV and the bending radius is 7.14 m. 



the emission of synchrotron radiation has a characteristic damping time that is 
different, though of the same order, in every degree of freedom [190], 

_ 2En 

Ti U 0 Ji ’ 

where i = x, y, or s, Tq is the revolution time of the ring and Uq is the energy 
radiated by each electron per turn (from eqn (2.42)). Also, Ji are the damping 
partition numbers, which are given by 
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Using the same arguments as above, the I 4 terms are much smaller than the 
I 2 ones and so the partition numbers are essentially constant and are also not 
changed by the introduction of an ID. 

Inserting the value for Uq the damping times reduce to 
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Fig. 10.3. Graph showing the fractional change in the damping times as a 
function of ID peak field strength in a storage ring. The storage ring energy 
is 3 GeV and the bending radius is 7.14 m. 



3T 0 

r e T J hJi 

where r e is the classical electron radius. The damping times are all dependent 
upon I 2 , which always increases when an ID is introduced. Therefore all of the 
damping times will reduce when an ID is added to a storage ring. The fractional 
change in the damping times is plotted in Fig. 10.3 as a function of peak ID field 
strength. 

10.2 Focussing Effects 

We know that an electron travelling through a standard planar ID will oscillate 
in the horizontal plane and, provided that the first and second field integrals are 
zero (Section 7.5), the electron will exit the magnet travelling along the axis. 
However, as yet we have not considered what would happen to an electron that 
entered the ID with either a horizontal or vertical displacement from the axis. 
In fact, provided the magnet poles are wide enough, the electron that enters 
with a horizontal displacement follows exactly the same trajectory as the on- 
axis electron but with a fixed horizontal offset to it. The overall net effect on the 
electron is therefore basically zero. However, an electron that enters the ID with a 
vertical offset is bent back towards the horizontal plane, even in an ideal magnet, 
and so planar IDs are considered to be vertically focussing elements. An example 
of the trajectory taken by an electron at various starting positions outside of an 
ID is given in Fig. 10.4. It is clear that the different electron trajectories are 
being focussed together and that the particles that start with larger offsets are 
bent by more than those with smaller offsets. Since the deflection is proportional 
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Longitudinal position (mm) 



Fig. 10.4. Graph showing the path taken by a 1 GeV electron at different initial 
vertical positions through a 2 m long, 2 T device with a 100 mm period. 



to y this is said to be a linear effect. Effects that depend upon higher orders 
(e.g. y 3 ) are termed non-linear and these can also have important consequences 
as we shall see later. 

The origin of this focussing term is actually the longitudinal magnetic field 
that is generated between two successive poles (it is often called ‘edge focussing’ 
for this reason). This is illustrated in Fig. 10.5 where it can be seen that a strong 
longitudinal field is present halfway between the successive north and south 
poles. This is the same region as where the electron has its greatest transverse 
velocity and so a component of the electron motion is travelling orthogonal to this 
longitudinal field and therefore experiences a force towards the vertical midplane. 
Since the longitudinal field switches polarity below the axis the force is always 
towards this midplane. An example of how the longitudinal field varies with 
vertical position is plotted in Fig. 10.6. It is just possible to see that the field 
variation does not follow a perfect straight line but does have some curve on it 
(this is evidence of the presence of higher order terms) . 

To quantify the focussing term we need to start with the equations of motion 
for the electron (Section 3.1) 
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Close to the axis the component B s can be approximated by [191] 
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Fig. 10.5. Sketch of the flux lines present in an ID showing the origin of the 
longitudinal field term. 
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Fig. 10.6. Graph showing the variation of longitudinal field vs vertical position 
midway (longitudinally) between two poles for a PPM undulator with a pe- 
riod of 50 mm and magnet gap of 20 mm. The peak on-axis vertical field is 
0.54 T. 
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Inserting this into the equation of motion with the general result for x (7.2) gives 
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This can be compared with the general equation for vertical motion in an accel- 
erator 



^ + k y (s)y = 0 , 

where k y (s) is the vertical focussing term. In our case then the instantaneous 
focussing provided by an ID is 
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This function can be averaged over the full length of the device, using integration 
by parts, to give an average focussing parameter [25] 
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which for the usual sinusoidal field variation gives 
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For magnets with a more complicated field distribution a more rigorous approach 
needs to be followed [192]. 

The effect of the additional focussing provided by an ID on a ring is to disturb 
the electron ‘optics’. One way to measure the effect is to calculate the change in 
the ‘betatron tune’ of the machine. The betatron tune is defined as the number 
of transverse oscillations that are made per revolution of the lattice and it must 
be a non-integer (there are many other restrictions as well!) to avoid harmful 
resonant effects. There is both a horizontal and a vertical betatron tune and it is 
one of the most important parameters for a storage ring since it is a key factor 
in determining whether the electron is stable within the ring. If the wrong tune 
is selected all of the electrons will be lost! Similarly, if the addition of an ID to 
a ring is enough to move the tune to a poor setting, the results can be equally 
disastrous. Since the ID adds focussing to the vertical plane it is to be expected 
that there will be more oscillations per revolution and hence the vertical tune 
will increase. This is indeed the case and it has been shown that, for the majority 

of devices that have L\Jlty < 0.5, the tune change induced by the ID, A Q yi is 
given by [25] 
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The tune change varies with l/pg and so is a larger value with stronger magnets 
in lower energy storage rings. Typically the tune change induced by an ID would 
be less than 0.1 though even this level can be difficult to cope with and would cer- 
tainly need compensating. The tune is compensated by changing other focussing 
elements (quadrupoles) in the lattice, ideally close to the ID [21, 193, 194]. 




190 



The Effect of Insertion Devices 



10.3 Non-Linear Effects 

The magnetic field produced by an ID is complicated and varies rapidly in all 
three dimensions. The result from the equation of motion showed that y varies 
with y (a linear dependence) but, as was hinted at earlier, a more exact treatment 
shows that many terms of higher order should also be included [193, 195, 196]. 
The effect of these non-linear terms can be serious and a great effort has been 
made to carefully simulate the influence they can have on the electron beam 
behaviour. 

The overall effect of these terms can be to reduce the ‘dynamic aperture’. 
The dynamic aperture defines a boundary in the transverse directions such that 
if an electron travels beyond this limit then its motion is no longer stable and 
the electron will be lost. In this sense it is analogous to the physical aperture 
(set by the vacuum chamber), where clearly an electron will be lost if it strays 
beyond this limit. The size of the dynamic aperture is set by the magnet lattice 
itself and in particular is strongly dependent upon the non-linear fields that are 
present. 

The dynamic aperture of a lattice can be reduced significantly by the addition 
of an ID in any case simply because the additional focussing in one section of the 
machine immediately removes all of the periodicity that is initially present. The 
non-linear terms of the ID exacerbate this effect. The addition of further IDs has 
generally less impact on the dynamic aperture simply because the periodicity 
has already been destroyed. The first third generation storage rings were highly 
symmetric, containing a large number of identical cells. When IDs were mod- 
elled in these lattices with simulation codes, significant reductions were observed 
causing great concern. In the later storage rings there has been a trend to more 
complex lattices with less periodicity and although in general they start with a 
smaller dynamic aperture the addition of the IDs is less dramatic since there is 
less symmetry to destroy in the first place. 

Many simulations of the influence of IDs on the dynamic aperture have been 
carried out [81,197,198] and comparisons with experimental measurements show 
good agreement in general [199-201]. A good example of the problems that can 
be caused by an ID were seen at SPEAR when a 2 T multipole wiggler was 
installed into the ring [202]. First it was found that it was not possible to inject 
at 2.3 GeV with the magnet gap closed, then it was found that the lifetime 
reduced from 48 to 33 h when the gap was closed at the operating energy of 
3 GeV. It was also shown that if the horizontal trajectory in the wiggler was 
offset by a few mm the lifetime would collapse to a few minutes. This behaviour 
was caused by a reduction in the dynamic aperture of the lattice due to the 
intrinsic non-linear fields of the wiggler. The problem was traced to the narrow 
horizontal pole width, which caused the vertical field to change too rapidly as a 
function of x near to the longitudinal axis. This meant that the first held integral 
measured along the oscillating electron trajectory was non-zero and strongly x 
dependent, even though the held integrals were zero when measured along a 
straight path parallel to the axis. Small additional magnets were placed at either 
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end of the magnet to counter-balance this problem. As a result the lifetime is 
now constant with magnet gap at 3 GeV and injection with the gap closed is 
also possible. 
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Insertion Devices for Free Electron Lasers 

A Free Electron Laser (FEL) is a device that produces tuneable, coherent ra- 
diation through the interaction between a relativistic electron beam and a co- 
propagating optical beam within an undulator. The interaction is such that there 
is a transfer of energy between the electron beam and the optical beam, which 
causes microbunching of the electron beam on the scale of the radiation wave- 
length (set by the undulator equation) and hence, coherent emission. The prop- 
erties of the light emitted by the FEL are significantly enhanced when compared 
with that emitted spontaneously by an electron beam travelling through an un- 
dulator, such that these devices are now considered to be the main components 
of the future fourth generation light sources. There are several texts available 
that explain the full details of the FEL [203-205]. 

There are two main types of FEL. The first type, known as an Oscillator 
FEL , traps the spontaneous light emitted by the electrons, travelling through 
the undulator, between two mirrors that surround the undulator and so creat- 
ing an ‘optical cavity’. This trapped light then interacts with successive electron 
bunches to create the required bunching effect. The second type, known as a High 
Gain FEL, uses a longer undulator and no mirrors. In this type the light emitted 
by the electrons in the early part of the undulator starts to interact with the 
electron beam. As the beam passes through the device the interaction between 
the light and the electron beam becomes strong enough to cause microbunching 
to begin. This then causes the electrons to emit with even higher intensity and 
so produce even more bunching. If the undulator is long enough fully coherent 
emission will be produced. The IDs that are required for X-ray high gain FELs 
are the longest that have ever been proposed (up to 100 m) . The mechanical en- 
gineering design, alignment tolerances, and cost optimization of these segmented 
devices pose some particularly interesting challenges [206-208]! 

Furthermore, there are two ways of using the electron beam. If the FEL is 
installed into a storage ring then the electrons are continuously circulating and 
the same electrons are used again and again within the FEL. An alternative 
is to use the electrons once only in a single-pass method where the electrons 
are accelerated, usually in a linac, sent through the FEL and then deliberately 
dumped. This second method has many advantages, one of which being that 
electron beam lifetime is of no concern and so smaller magnet gaps can be used 
within the undulator. 

The undulators used for storage ring based FELs are the same as those used 
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Fig. 11.1. Graph showing the vertical field variation along the length of a 20-pe- 
riod tapered undulator. The undulator period is 50 mm and the magnet gap 
is 20 mm at the entrance and 21 mm at the exit. 



for spontaneous radiation. Most use planar devices [90, 209, 210] but more re- 
cent examples have switched to planar helical devices since these generate lower 
power on-axis and therefore cause less heating of the cavity mirrors [211,212]. 
An additional advantage is the higher optical amplification or gain associated 
with a helical undulator due to the constant longitudinal velocity of the electron 
beam leading to a better interaction with the co-propogating optical beam. 

Undulators for single-pass FELs have incorporated both tapering and hor- 
izontal focussing to enhance the FEL interaction. There has also been much 
activity in this area to generate small gap undulators (less than 5 mm) with 
short periods. 



11.1 Tapered Undulators 

When the electrons interact within the FEL they are giving energy to the optical 
beam as they pass through the undulator. If they give too much energy they will 
no longer meet the resonance condition set by the undulator equation. If the 
undulator period or field strength is altered along its length to counteract the 
electron energy loss then a more efficient FEL can be generated. Such an undu- 
lator is quite feasible and is called a tapered undidator [213,214]. It is relatively 
simple to taper the field in an undulator by simply setting a different magnet 
gap at the entrance and exit of the device. An example of how the field can vary 
in such an undulator is shown in Fig. 11.1. 

Tapered undulators are also used as spontaneous sources of radiation in stor- 
age rings since it is useful to broaden the harmonic width for certain types of 
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experiment [215,216]. Naturally the beam intensity is reduced at the peak of 
the harmonic! The engineering support structure for a permanent magnet device 
can be quite readily adapted so as to allow some small amount of tapering to be 
selected when required. 



11.2 Horizontal Focussing 

We have seen in Chapter 10 that standard planar IDs focus in the vertical plane 
but not in the horizontal one. This focussing is useful in FELs since it can help to 
maximize the interaction if the electron beam optics are ‘matched’ to the ID at 
the entrance to the undulator. Further enhancement in the FEL performance can 
be gained if there is focussing in the horizontal plane as well. Also, the very long 
undulators that are designed for the high gain FELs have to include focussing as 
well just to maintain reasonable electron beam parameters over the full length 
of the device. Although some of these achieve this by inserting conventional 
quadrupoles between undulator segments others include focussing explicitly in 
the ID magnet design. For these reasons several horizontal focussing schemes 
have been designed for IDs and some of them will be briefly described here. 

11.2.1 Canted Poles 

One of the simplest methods of introducing a focussing term on top of the 
standard planar undulator fields is to slightly alter the geometry of a standard 
4 block/period pure permanent magnet undulator. By tilting (or canting) the 
blocks with magnetization axis perpendicular to the beam direction in alternate 
directions a transverse field gradient can be introduced [217]. Figure 11.2 shows 
an (exaggerated view of an) example device. The required cant angle to provide 
equal two-plane focussing is only a few degrees (taking into account the intrinsic 
vertical focussing) and there is no degradation of the on-axis field strength. 

This idea has been further developed with hybrid undulators having the steel 
pole pieces angled [218] . It is claimed that a much smaller cant angle is required in 
the hybrid case for the same field gradient and that the field quality is improved. 
To provide equal two-plane focussing only a subset of the total number of poles 
is canted. In the case of NISUS [219] only 6 out of 32 poles in each section were 
canted so that the cant angle (10.8 mrad) was larger and it could be reproduced 
more readily in manufacture. 

11.2.2 Curved Poles 

It has been noted [220] that additional quadrupole focussing in an FEL affects 
the phase of the electron motion with respect to the optical electric field, which 
could decrease the gain of the laser. An alternative focussing scheme was devised 
that used ‘sextupole focussing’, which preserved the FEL resonance. The sex- 
tupole term was introduced by shaping of the pole faces with a near-parabolic 
curvature (Fig. 11.3). Sextupole focussing can be understood by considering the 
field shape within the device. Although the field varies quadratically, the os- 
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Fig. 11.2. Sketch of a PPM canted undulator. 

cillating electron experiences an effective quadrupole-like field. One example of 
curved pole focussing is the undulator for the Paladin FEL [125]. 

Concern has been raised over the maximum field that can be attained on- 
axis while still maintaining adequate focussing. One study has shown [221] that 
only curving the central third of the permanent magnets still provides adequate 
focussing with larger on-axis fields. A much simpler and inexpensive solution has 
been used by one group [222]. A rectangular slot is machined out of each magnet 
block as a first order approximation to the ideal curved pole design. 

11.2.3 Side Magnets 

If a standard planar undulator has additional side magnets fitted (Fig. 11.4), 
which have their direction of magnetization opposite to the on-axis field, then 
they will increase the on-axis fields and also provide a field profile similar to 
that given by the parabolic-shaped poles above [223] . One obvious disadvantage 
of this design is that access to the region of interest is not possible while the 
side pieces are in place. This will make magnetic measurements rather difficult. 
If the side pieces have their direction of magnetization opposite to each other 
but still parallel with the main field then a quadrupolar field can be produced 
on-axis [224]. 

A natural development of the straightforward side magnet focussing undula- 
tor is to split the side magnets along the horizontal x-s plane and separate the 
two halves vertically. The side magnets can in effect become part of the main 
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(a) 



(b) 





(c) 




Fig. 11.3. Sketch showing three possible curved pole focussing schemes viewed 
end on, (a) shows the ideal solution, (b) a variation which provides higher 
on-axis fields, and (c) a rectangular slot approximation to (b). 



arrays. This has the distinct advantage of allowing easy access to the electron 
beam path from the side for magnet measurements and other interventions. An 
example of this is shown in Fig. 11.5. Analysis of this particular scheme high- 
lighted the fact that the gradient is very dependent upon horizontal position [225] 
and so an alternative solution has been put forward, which has a much reduced 
sensitivity to the horizontal position. 

11.2.4 Staggered Poles 

If a hybrid design has the poles staggered alternately to the left and right then 
the vertical field will vary with horizontal position. Fig. 11.6 shows an example 
of this type of design. In a planar undulator the vertical field is horizontally 
symmetric for both positive and negative poles. However, in the staggered design 
the symmetry is broken and only electrons on-axis see no net vertical field. It 
has been shown that to obtain an appreciable focussing the stagger has to be 
about half the pole width and this can cause a significant decrease of the on-axis 
field [226], 
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Fig. 11.4. Sketch of side magnet focussing undulator for producing sextupolar 
fields. 








Fig. 11.5. Sketch of a side magnet (quadrupole) focussing undulator, which 
allows access from the side for magnet measurements. 
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Fig. 11.6. Sketch of the staggered pole undulator design. 
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So far we have examined the most common insertion devices (IDs) that are in use 
today. In particular, planar periodic undulators as well as several helical schemes 
for generating variable polarization. There are many other types of ID that have 
been proposed to provide some advantage over the ‘standard’ types. For instance, 
suppression of the higher harmonic radiation, lower on-axis power densities and 
simultaneous production of alternative polarization states on different harmonics 
have all been addressed. 

In addition to these magnets which try to improve the output parameters to 
suit some particular experimental need there is another family of IDs altogether 
that tries to exploit different types of interaction with the electron rather than 
using the standard periodic static magnetic field. For instance, electrostatic de- 
vices, electromagnetic waves, and single crystals have all been investigated to see 
if they offer some advantage over the more conventional approach. 

In this chapter, we will first look at the devices that rely on magnets directly 
but that try to offer some advantage over the standard IDs. Then, later in the 
chapter, we will examine the alternative approaches that have been put forward 
for creating a periodic interaction with a relativistic electron. 



12.1 Quasiperiodic Undulators 

One problem with undulator radiation is that the higher harmonics are integer 
multiples of the fundamental and hence these harmonics are not always com- 
pletely removed by optical monochromator systems. Although there are tech- 
niques that can be used to remove or reduce this contamination in the optical 
beamline it would be more satisfactory to not generate the higher harmonics in 
the first place. This is the motivation for the quasiperiodic undulator. 

The concept for the device was generated by analogy with X-ray diffrac- 
tion from a quasicrystal [227,228]. A quasiperiodic magnetic structure can be 
formed by placing the magnet poles at locations defined by a so-called Fibonacci 
sequence. The normalized position of the nth pole, S n , is given by 



S n — n + 




n 

p + 1 




where r/ is an irrational number and the operator [a] gives the largest integer less 
than a. This sequence produces a list of numbers that increases in steps of either d 
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Fig. 12.1. An example quasiperiodic magnet structure created using 77 = y/2. 



or d! and that also has the feature that d' /d = 77 . An example magnetic structure 
is shown in Fig. 12.1. Although this type of undulator still produces radiation at 
higher harmonics the harmonics are now irrational multiples of the fundamental 
rather than integer and so the contamination through the monochromator is 
extremely well suppressed. 

The quasiperiodic undulator principle was first demonstrated on NIJI-IV 
[229, 230] using a magnet array that had spacing determined by the Fibonacci 
sequence. A more compact version, that gives greater flux density per unit length, 
simply displaces the relevant blocks vertically away from the beam axis to achieve 
the correct longitudinal field profile [231]. A hybrid version using this idea has 
also been built [232] . An electromagnet that can either operate in quasiperiodic 
or standard mode has also been constructed [114]. 

A further extension of the idea has been developed that uses a slightly modi- 
fied sequence [233] . This has been applied to an APPLE-2 type helical undulator 
and is implemented by simply leaving out horizontally magnetized blocks in a 
standard periodic array structure [95]. 

An alternative method for suppressing the higher harmonics has also been 
put forward [234] . In this scheme a standard undulator is broken down into short 
segments and small phase adjusters (a magnet that can change the path length 
taken by the electron) inserted in-between. If the phase is set correctly between 
the segments then particular harmonics can be suppressed. For example, if the 
phase change between segments is set to 47r/3 then a 100 period undulator split 
into four segments can reduce the peak flux in the next highest harmonic to 2.4% 
of the fundamental whereas a non-segmented device would have a level of 36%. 

12.2 Figure-8 Undulators 

An issue for many beamline designs is the on-axis power density. Often the useful 
power (i.e. at the wavelength of interest) that is generated by an undulator is a 
fraction of the total power produced. All this power has to be handled by the 
beamline front-end and the first optical element and this can often limit the 
overall performance of a beamline. We saw earlier (Chapter 6) that a helical 
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Fig. 12.2. Trajectory of an electron in the transverse plane in a figure-8 undu- 



undulator has low on-axis power because only the single circular harmonic is 
present on-axis. The Figure-8 undulator is a device that has low on-axis power 
density but produces linear polarization on-axis instead [235] . 

The principle of the device is to cause the electron trajectory to trace out a 
figure-8 pattern in projection onto the transverse plane (Fig. 12.2). Any circular 
polarization components on-axis cancel out because of the opposite helicity of 
the electron motion above and below the axis. The figure-8 pattern is relatively 
easy to produce by using two orthogonal sinusoidal motions with the vertical 
motion having twice the wavelength of the horizontal one. The magnetic fields 
required are given by 



An unusual consequence of this factor of 2 between the magnet period lengths 
is that half odd integer harmonics are now present in the spectrum also (e.g. 
1/2, 3/2, 5/2, ...). These half harmonics have vertical polarization and the usual 
integer harmonics have horizontal polarization. So at any particular undulator 
setting the spectrum on-axis contains both horizontal and vertical polarization 
though at different photon energies of course. 



lator. 




202 



Novel and Exotic Insertion Devices 



An example of the on-axis power density reduction with this device has been 
calculated for an 8 GeV ring [235]. For the case of I\ ~ 5 it was shown that 
for K x /K y = 1 for the Figure-8 undulator the on-axis flux density in the first 
harmonic was about two-thirds that of a conventional planar undulator tuned 
to give the same photon energy. However, the on-axis power density was only 
1.5% of that produced by the conventional device. Another example that had 
K ~ 1 demonstrated that with the correct choice of ratio between K x and K y 
the higher harmonic content was suppressed, which could be useful for reducing 
the harmonic contamination that can pass through monochromators. 

The permanent magnet structure of a Figure-8 undulator is similar to that 
used for generating variable polarization though in the Figure-8 device the phase 
between the magnet arrays is fixed (Fig. 12.3). An in- vacuum version has been 
built to take advantage of the simultaneous horizontal and vertical polarization 
feature [236]. Also, an out of vacuum device has been constructed to take ad- 
vantage of the reduced on-axis power levels [237]. An interesting feature of this 
device is that it has been built in two segments (each about 2.3 m long) and that 
the phase in the horizontal field is switched between the two [238]. This has the 
consequence of making the power density pattern away from the axis symmetric, 
which was thought to be advantageous for photon beam alignment purposes and 
also reduced the peak power load on some mechanical components. 

An asymmetric Figure-8 undulator has also been proposed [239] that intro- 
duces an additional vertical field with the same period as the horizontal one 
though 90° out of phase. This has the effect of distorting the Figure-8 shape so 
that it is no longer symmetrical and one loop of the 8 is much larger than the 
other. In this way the simple arguments about circular polarization modes can- 
celling are no longer true. In fact the polarization is found to be vertical on the 
0.5th harmonic, horizontal on the first and circular on the second. So this device 
can produce the three most useful polarization states in the same spectrum with- 
out any need for varying the longitudinal phase of the magnets. This could be of 
particular benefit to in-vacuum undulators since including longitudinal motion 
in these devices is extremely difficult. The additional vertical field contribution 
required can be provided by setting a fixed longitudinal offset (phase difference) 
between the two outer arrays shown in Fig. 12.3. Other variations on the Figure-8 
scheme have also been proposed [233,240]. 

12.3 Adjustable Phase IDs 

Conventional permanent magnet IDs rely on a magnet gap change to alter the 
on-axis magnetic fields. In the adjustable phase device the gap is fixed but the 
longitudinal phase is altered between the top and bottom arrays to vary the 
on-axis field [241]. If the phase is altered between zero and A„/2 then the peak 
vertical field will change between a maximum and zero (Fig. 12.4). Note that as a 
consequence of this the longitudinal field on-axis is finite unlike in a conventional 
device. An additional difference is that B y varies exponentially with gap but 
sinusoidally with phase, so the motion control resolution required can be reduced. 
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Fig. 12.3. Magnet design for a Figure-8 undulator. The central arrays produce 
the vertical field and the outer arrays (of twice the period) produce the hor- 
izontal field. 



Since the gap is fixed, the longitudinal field integrals should be almost con- 
stant with phase and furthermore the focussing effect of the device on the electron 
beam should also be constant. So, as the device is tuned by varying the phase 
the overall effect on the electron beam should be minimal. The spectral prop- 
erties of an adjustable phase undulator are very similar to those produced by 
a conventional device though some concerns have been raised over the spectral 
sensitivity to vertical position and the stricter requirements on the electron beam 
properties that are needed to maintain high quality radiation [242] . Nevertheless 
a successful test has been carried out on the SPEAR ring, which showed very 
little effect on the electron beam properties as it was adjusted [243] . 

A hybrid version has also been built and tested [244,245]. Since it contains 
iron poles it would be expected to show greater variation of the field integrals 
with phase and this was indeed the case. However, the tests suggested that the 
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Fig. 12.4. Principal of the adjustable phase insertion device. 




Solenoid 

coils 



Fig. 12.5. Sketch of a staggered array insertion device. The arrows indicate the 
magnetic field directions produced. 



variation was still less than would be expected for a conventional hybrid device. 
Also, the focussing effects observed were less than those for a variable gap device. 
Another advantage highlighted was the simpler mechanical system required. 



12.4 Staggered Array IDs 

The staggered array magnet is a simple method of generating relatively strong 
magnetic fields at small periods and gaps [246]. Two planar arrays of iron poles 
are placed opposite each other with a fixed 180° ‘stagger’ between them. These 
are then placed within a solenoid and the longitudinal fields of the solenoid are 
modified by the high permeability poles to generate a transverse field across the 
pole gaps (Fig. 12.5). The longitudinal field is also beneficial at low electron 
energies as it helps to confine the beam as it travels through the device. 
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The first example built used a 0.7 T superconducting solenoid to generate a 
1.08 T transverse field in a device with a 10 mm period and 2 mm gap [246]. 
Shaping of the iron poles has been suggested as a means of including horizontal 
focussing in this type of device, which would be beneficial for low energy FEL 
operation [247]. 

A version that combines a permanent magnet hybrid device with a solenoid 
has also been suggested [248] . The inclusion of the permanent magnets enhanced 
the transverse field by 16% in their example. A proposal has since been put 
forward to use two such staggered hybrid arrays to form an in-vacuum crossed 
undulator pair (see Section 6.7) for generating variable polarization [249]. 

It is possible to generate a helical magnetic field by mounting two pairs of 
arrays orthogonal to each other and shifted longitudinally by A„/4 [250]. Ideas 
have also been put forward for mounting several independent staggered arrays 
within the same solenoid. In one design a 200 mm diameter solenoid contained 
four independent undulators [250]. 

Adjusting the magnetic field of an ID to change the spectral output is so 
common that it is sometimes forgotten that it is not the only method available. 
Changing the electron energy is also an option in an FEL since they are in 
general single-user facilities and so no other beamlines are affected. This method 
is not possible in a synchrotron light source because the energy change would 
alter the output of all the synchrotron radiation sources installed. The third 
option of varying the magnet period is rarely implemented. This is because it 
is mechanically more difficult to adjust the period with the accuracy required 
when compared with changing the magnetic field. However, it does have some 
advantage over gap tuning in terms of the photon range available and also the 
power generated can be kept lower than for a conventional device [251]. A recent 
design has been generated for a variable period length staggered array undulator 
that uses a scissor type action to alter the separation between the pole pieces 
[252]. Some interesting modes of operation are available in principle, such as 
constant flux output or constant power output. 

12.5 Revolvers and Multiundulators 

An obvious method for changing the period of an undulator to increase the 
tuning range available is to simply swap it for another one. This is not so crazy 
as it sounds and has in fact been implemented in a few storage rings. The idea is 
to have a number of pairs of magnet arrays of different period lengths available 
and to select the best array for the wavelength range required. The magnet gap is 
then adjusted as for a conventional device to tune the wavelength. The problem 
of swapping arrays remotely in a support structure is a mechanical design issue, 
magnetically the arrays are conventional. 

Two solutions have been used so far. The first, termed a multiundulator, 
had four pairs of arrays mounted side by side in a mechanical support structure 
that varied the gap of all the arrays simultaneously [253]. To swap arrays the 
system was slid horizontally until another pair of arrays was positioned over the 
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electron vacuum vessel. The main drawback of this approach is that it needs quite 
a bit of space horizontally, which is often not available because of neighbouring 
components such as photon beamlines from upstream IDs or bending magnets. 
The second solution adopted has been to mount up to four arrays on a single 
square cross-section beam and to rotate the beam to swap between arrays, hence 
the name revolver. Two identical beams are needed of course and again, when 
the magnet gap is adjusted, all of the arrays are moved. Early examples of these 
had four [254] or three arrays [255]. A more recent version could only have two 
different arrays because they chose to support the beam in several places down 
its 4.5 m length [256]. Excellent reproducibility has been measured in terms of 
gap and angle when the beams are rotated and on-line switching between arrays 
has little observable effect upon the stored electron beam and is carried out 
routinely. 



12.6 Micro-Undulators 

Undulators with periods below about 1 mm are (loosely) defined as micro- 
undulators. The motivation for producing such short periods is the ability to 
produce short wavelengths from lower energy (and so more economical) elec- 
trons and also the ability to have a large number of periods in a physically short 
space. Of course these short period devices have to have a similarly short gap 
and so they are not well suited to storage rings but could be very useful for single 
pass devices such as linacs. Even so, the small magnet gap will be difficult to 
pump to achieve a good vacuum pressure and there would be a strong electro- 
magnetic interaction with the electron beam and the surface of the undulator 
that could cause instabilities in the electron beam itself [257] . 

Several methods have been tried for generating a periodic magnetic field with 
periods below 1 mm. One idea started with a larger unmagnetized permanent 
magnet block. This then had periodic grooves machined into the surface and 
was then magnetized. Both horizontally and vertically magnetized blocks can be 
used to create a periodic magnetic field, two schemes are shown in Fig. 12.6. A 
pair of vertically magnetized blocks has been used to demonstrate an undulator 
with a period of 4.1 mm and a peak on-axis field of about 0.1 T [258]. Of course 
with the period being so small the K parameter is also very small, in this case 
being about 0.04. 

An alternative scheme is to periodically magnetize a magnetic tape and to 
then mount two such tapes opposite each other [259]. In this way very short 
periods could indeed be created but as yet no satisfactory demonstration of this 
method has been achieved. 



12.7 Future Possibilities 

In this section we will review some of the alternative methods for generating a 
periodic interaction with an electron beam to generate undulator radiation. 
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Fig. 12.6. 
nets. 



Two possible micro- undulator schemes made from permanent mag- 



12.7.1 Electrostatic Devices 

Rather than using a magnetic field an electrostatic field could be used instead. 
In particular, variable period transverse and helical designs have been proposed 
[260]. Also, electrostatic micro-undulators with periods of less than 0.1 mm have 
been suggested [261]. Electric field strengths of ~ 3 x 10 7 V/m are thought to be 
possible with a 1 mm period device (equivalent to 0.1 T). The main advantage of 
electrostatic devices appears to be the simple design and low cost but they could 
also have a field strength advantage over magnetostatic devices at submillimeter 
periods. 

12.7.2 Image Charge Undulator 

An electron beam passing near a conducting surface produces an image current, 
which can act back on the beam. These so-called Wakefields can cause instabilities 
in electron beams but have also been proposed to produce an undulating motion 
in the beam [262]. The metal surface needs to be shaped with a longitudinally 
periodic profile (similar to a diffraction grating) to have the desired effect. This 
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idea is similar to Smith-Purcell radiation [263, 264] . 

12.7.3 Microwave Devices 

High frequency microwaves can be used to interact with an electron beam to 
cause periodic oscillations. Transverse kicks are applied to electron beams in 
special radio-frequency cavities in many accelerator applications and this is a 
simple extension of this idea. A test system that operated at ~3 GHz, which is 
equivalent to a 55 mm magnet period, was built in Japan [265]. The undulator 
cavity was pulsed at 10 Hz with 300 kW of microwave power and undulator 
radiation was observed. The device had a K value of 0.24. The use of supercon- 
ducting cavities would reduce the total power requirements and therefore would 
allow continuous operation. A very high frequency design has been proposed 
(120 GHz), which has a period length of only 1.45 mm and an electric field of 
20 MV/m, which is equivalent to 0.066 T [266]. 

12.7.4 Crystalline Undulator 

In a crystalline undulator the planes of a single crystal are bent so that they 
form a periodic profile. If an electron is passed through this structure then it 
will experience strong forces due to the nearby atomic nuclei and oscillate with 
the period of the crystal planes and thus emit undulator radiation. This concept 
was first proposed in 1979 [267] but undulator radiation from a crystal has not 
yet been observed. The problem with this idea appears to be the fabrication of 
a suitable crystal. However, several approaches are being pursued and progress 
has been made over the past few years [268-270] . 

The benefits of such a device could be very great as they seem to be well 
suited to producing submillimeter periods and also electromagnetic fields of up 
to 1000 T are possible. Interestingly, this is the only undulator where there is a 
benefit of using a positron rather than an electron in the interaction. 
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adjustable phase insertion devices, 
202-204 
Airy functions, 19 

Airy points used for mounting linear 
slides, 137 
Ampere’s law, 107 
angular flux density 

from a bending magnet, 28 
from a helical undulator, 101 
from an undulator, 58-73 
antisymmetric insertion devices, 120 
APPLE-2 undulators, 129-134 
asymmetric figure-8 undulators, 202 
asymmetric wigglers, 96-97, 124-126 

bending magnet radiation, 7, 16-37 
angular power distribution of, 21-26 
bending radius of magnet, 31 
brightness of, 33-36 
circular polarization of, 28 
circular polarization rate, 94 
computation of, 84 
electric field, 18-20 
fraction of the power that is 

horizontally polarized, 25 
fraction of the power that is vertically 
polarized, 25 

horizontal polarization, 20 
linear polarization rate, 93 
long wavelength behaviour, 20 
Monte Carlo calculation, 85 
photon flux, 26-32 
polarization, 20, 28, 93-95 
power, 36-37 
power density, 37 
power per horizontal angle, 37 
spectral angular flux density, 28 
spectral intensity, 28 
spectral power, 24 
spectral power angular density, 24 
spectrum, 20, 30 
typical frequency content of, 4 
universal curve, 30 
useful flux, 30 
vacuum chamber cut-off, 31 
vertical opening angle, 17, 32-33 
vertically integrated flux, 30 
Bessel functions, 19 
computation of, 84 
first used for SR, 2 



betatron, 2 

betatron radiation, 2 

bifilar helical magnets, 148-150 

brightness 

definition of, 33 
diffraction limit, 78 
from a bending magnet, 33-36 
from a multipole wiggler, 46 
from an undulator, 73-79 
Liouville’s theorem, 33 
brilliance, 73 

circular polarization, see polarization 
coercive force in a permanent magnet, 108 
coercivity in a permanent magnet, 108 
coherence of undulator radiation, 79-80 
Coulomb’s law, 14 
critical frequency, 18, 25 
critical photon energy, 27, 30 

variation in a multipole wiggler, 44 
variation in a wavelength shifter, 38 
critical wavelength, 27 
crossed undulators, 102-104 
crystalline undulators, 208 
current sheet equivalent materials, 111 

damping wigglers, 183 
deflection parameter, see K value 
diffraction limited source, 78 
dipole radiation, see bending magnet 
radiation 

Dirac delta function, 23 

Doppler effect, angular change due to, 4 

Doppler shift, relativistic, 3 

easy axis in permanent magnets, 106 
effective source size due to combination of 
electron and photon beams, 34 
electric field 

dipole pattern due to an oscillating 
electron, 3 

due to an electron in a bending 
magnet, 18-20 

due to an electron in an undulator, 57 
due to an electron on an arbitrary 
path, 9-15 

Fourier transform of, 15-16 
electromagnetic insertion devices, 144-157 
bifilar helical design, 148-150 
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electromagnetic insertion devices 
continued 

elliptical multipole wigglers, 126, 
151-153 

fast switching between different 

polarization states, 144, 151 
field scaling with magnet dimensions, 
115 

helical designs, 148-153 
laced, 148 

planar undulator design, 144-148 
pole saturation in, 147 
use of permanent magnets to reverse 
bias the flux in the steel, 148 
electron beam 
current, 27 

diagnosis with undulator radiation, 90 
dispersion, 181 
divergence, 34 

effect of insertion devices on, 132, 
180-191 

betatron tune, 189 
damping times, 184-186 
dynamic aperture, 190 
emittance, 183 
energy spread, 184 
lifetime, 190 
non-linear effects, 190 
self dispersion, 181 
focussing due to insertion devices, 
186-189 

image currents, 140 
maximum deflection angle in an 
insertion device, 42 

size, 34 

synchrotron radiation integrals, 

180-183 

trajectory in an insertion device, 42-43 
Twiss parameters, 182 
electrostatic insertion devices, 207 
elliptical multipole wigglers 
concept, 97 

design of, 124-126, 151-153 
emission time in synchrotron radiation 
calculations, 8 

encoders used for measuring magnet gap, 
137 

end terminations in insertion device 
design, 118-124 

designs that make the electron oscillate 
about the nominal axis, 122 
for hybrid magnets, 124 
for pure permanent magnets, 121-124 
energy radiated by an electron into a unit 
area, 23 



energy received per unit solid angle, 23 
engineering of insertion devices, 134-142 
Airy points used for mounting linear 
slides, 137 

clamping of permanent magnets, 135 
encoders used for measuring magnet 
gap, 137 

forces, magnetic, 141-142 
gluing of permanent magnets, 135 
holders for permanent magnets, 135 
in- vacuum insertion devices, see 

in- vacuum insertion devices 
leadscrews, 137 
limit switches, 139 
linear slides, 137 
modular construction of, 136 
motors, number used for gap change, 
137 

protection systems, 139 
proximity detectors, 139 
taper, deliberately applying a 
longitudinal gap, 139 
tilt sensors, 139 

equations of motion for an electron, 42 
even harmonics in undulator radiation, 
57-58, 86, 88 

far field radiation, 14 

comparison with Fraunhofer diffraction, 
82 

Faraday’s law, 9 
field integrals 

active compensation of, 124 
first, 118 
second, 119 

figure-8 undulator, 200-202 
asymmetric, 202 
first field integral, 118 
flexible vacuum vessels, 141 
flipping coils for magnet measurements, 
163-165 

flux, see photon flux emitted by a 
flux density, see angular flux density 
focussing due to insertion devices, see 
electron beam, focussing due 
to insertion devices 
focussing undulators, 194-196 
canted poles, 194 
curved poles, 194-195 
sextupole focussing, 194 
side magnets, 195-196 
staggered arrays, 204-205 
staggered poles, 196 
forces, magnetic, 141-142 
between two magnets, 142 
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between two planar magnet arrays, 142 
Fourier transform of the electric field, 
15-16 

in an undulator, 57 
fourth generation light sources, 192 
Fraunhofer diffraction, comparison with 
synchrotron radiation, 82 
free electron lasers 
high gain, 192 

insertion devices for, 192-196 
oscillator, 192 
single-pass, 192 
storage ring, 192 
tapered undulators, 193-194 
undulators with additional focussing, 
see focussing undulators 
use of helical undulator, 193 
Fresnel diffraction, comparison with 
synchrotron radiation, 82 
full width at half maximum for a 

Gaussian distribution, 32 

Gaussian distribution function, 32 
genetic algorithms used for magnet block 
sorting, 175 

grating function for an undulator, 61 

Hall generators, 159-161 
planar Hall effect, 161 
Shubnikov - de Haas effect, 161 
temperature dependence, 160 
hard magnet material, 106 
harmonic coils for magnet measurements, 
162, 168 

helical undulators, 99-102 
APPLE-2 design, 129 
APPLE-2 fields, 131 
bifilar magnets, 148-150 
circular geometries, 128 
effect on the electron beam of, 132 
electromagnetic designs, 148-153 
flux from, 101 
four array designs, 129 
longitudinal electron velocity in a, 100 
on-axis angular flux density from, 101 
permanent magnet design of, 126-134 
planar geometries, 129-134 
polarization rates of, 100 
power density from, 104-105 
power from, 104-105 
six array designs, 134 
wavelength of, 99-100 
Helmholtz coils for magnet 

measurements, 170-171 
high gain free electron lasers, 192 



hybrid insertion devices, 117-118 
asymmetric wiggler, 124 
comparison with pure permanent 

magnet insertion devices, 118 
definition of, 116 
end terminations in, 124 

image charge undulator, 207 
in-vacuum insertion devices, 139-141 
alternative offered by flexible vacuum 
vessel, 141 

asymmetric figure-8 undulator, 202 
effect of electron beam image currents, 
140 

magnet coatings, 139 
magnet measurement of, 141 
resistive wall instability, 140 
staggered array undulator, 205 
use of copper sheet to carry image 
currents, 140 
vacuum baking of, 139 
intensity from a bending magnet, 28 
intrinsic coercivity of permanent magnets, 
108 

K value, 43 

laced electromagnets, 148 
leadscrews for insertion device support 
structures, 137 

Lienard-Wiechert potentials, 10 
lifetime 

effect of insertion devices upon, 190 
limitation on insertion device gap due 
to, 139 

limit switches for insertion device support 
structures, 139 

linear polarization, see polarization 
linear slides for insertion device support 
structures, 137 

lineshape function for an undulator, 61 
Liouville’s theorem, 33 
Litz wire, use of, 165, 167 
longitudinal coherence, 79 
Lorentz 

condition used for the 

Lienard-Wiechert potentials, 

10 

contraction, 3 
factor, 3, 9, 17 

magnet measurements, 159-171 

accounting for Earth’s magnetic field, 
165 

at cryogenic temperatures, 161, 162 
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magnet measurements continued 
flipping coils, 163-165 
Hall generators, 159-161 
planar Hall effect, 161 
Shubnikov - de Haas effect, 161 
temperature dependence, 160 
harmonic coils, 162, 168 
Helmholtz coils, 170-171 
Litz wire, use of, 165, 167 
motivation for, 158 
normal fields, 163, 164 
nuclear magnetic resonance, 159 
of in-vacuum insertion devices, 141 
of insertion devices, 158-171 
of multipole components, 163, 164 
of permanent magnet blocks, 170-171 
phase error, 172-173 
pulsed wires, 168-169 
skew fields, 163, 164 
stretched wires, 165-168 
using coils, 162-168 
with very small apertures, 169 
magnetic anisotropy of permanent 
magnets, 106 
magnetic field 

due to an electron on an arbitrary 
path, 14 

frequency content experienced by an 
observer, 16 

magnetocrystalline anisotropy of 

permanent magnets, 106 
maximum deflection angle in an insertion 
device, 42 

Maxwell’s equations, 9 
micro-undulators, 206 
electrostatic, 207 
microwave undulators, 208 
modular construction of long insertion 
devices, 136 

Monte Carlo calculation of bending 
magnet radiation, 85 
motors, number used for gap change, 137 
multipole wigglers 
asymmetric, 96-97 
brightness of, 46 
comparison between theory and 
experiment, 89-90 
computation of output radiation, 85 
concept of, 39 

critical energy variation in, 44 
damping wigglers, 183 
difference between an undulator and a 
multipole wiggler, 57 



effect on the electron beam, see 
electron beam, effect of 
insertion devices on 
elliptical, see elliptical multipole 
wigglers 

focussing, see electron beam, focussing 
due to insertion devices 
interference effects present in, 57, 89 
overview of, 3-6 
photon flux from, 45 
polarization comparison with an 
asymmetric wiggler, 97 
radiation output from, 42-49 
spectrum variation with horizontal 
angle, 44 

superconducting examples, 156 

multiundulators, 205-206 

near field effects, 81-83 

comparison with Fresnel diffraction, 82 
computation of, 86 
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observation time in synchrotron radiation 
calculations, 8 

odd harmonics in undulator radiation, 
57-58 

oscillator type free electron lasers, 192 

permanent magnets, 106-113 
clamping of, 135 
coatings for, 139 
coercive force in, 108 
coercivity of, 108 

current sheet equivalent materials, 111 
definition of, 106 

design of insertion devices based upon, 
106-142 
easy axis of, 106 
energy density of, 108 
gluing of, 135 
holders for, 135 
intrinsic coercivity of, 108 
irreversible losses in, 109 
load line for, 110 
magnet measurement of, 170-171 
magnetic anisotropy in, 106 
magnetization of, 107 
magnetizing force, 107 
magnetocrystalline anisotropy in, 106 
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production process, 111 
rare earth-cobalts, 111 
remanence of, 108 
remanent field of, 108 
resistance to radiation damage, 111, 
112 

reversible losses in, 109 
samarium-cobalt, 111 
spontaneous magnetization of, 107 
superconducting, 113 
temperature dependence of, 109 
working point of, 108 
phase error in an insertion device, 
172-173 

phase space, concept of, 33 
photon beam divergence, 34 
photon beam size, 34 
photon flux emitted by a 
bending magnet, 26-32 
helical undulator, 101 
multipole wiggler, 45 
undulator, 67-73, 86 
planar Hall effect, 161 
planar undulators, see undulators 
polarization 

characteristics of a 

APPLE-2 undulator, 132 
APPLE-2 undulator in opposing 
mode, 133 

asymmetric wiggler, 96-97 
bending magnet, 20, 28, 93-95 
elliptical multipole wiggler, 97-99 
figure-8 undulator, 201 
helical undulator, 99-102 
multipole wiggler, 96 
pair of crossed undulators, 102-104 
planar undulator, 73, 95 
characterization of, 92-93 
definition of rates, 93 
fast switching between different 

polarization states, 144, 151 
figure of merit, 93 
first observation of, 2 
Stokes parameters, 92 
unpolarized radiation, 93 
from a multipole wiggler, 96 
generation of, 103 

positrons, synchrotron radiation from, 7, 
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power density 

from a bending magnet, 37 
from a helical undulator, 104-105 
from an insertion device, 47-49 
reducing the on-axis, 201 
power emitted by a 
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helical undulator, 104-105 
insertion device, 47-49 
single electron, 24, 47 
power per horizontal angle 
from a bending magnet, 37 
Poynting vector, 21 
protection systems 

for insertion device support structures, 
139 

for superconducting magnets, 154 
protons, synchrotron radiation from, 7 
proximity detectors for insertion device 
support structures, 139 
pulsed wires for magnet measurements, 
168-169 

pure permanent magnet insertion devices, 
113-116 

asymmetric wiggler, 124 
comparison with hybrid insertion 
devices, 118 

elliptical multipole wiggler, 124 
end terminations in, 121-124 
field scaling with block dimensions in, 
115 

field strength of, 114 
gap to period ratio in, 116 
packing factor in, 115 
principle of superposition, 113 

quasiperiodic undulators, 199-200 
quenching of superconducting magnets, 
154 

relativistic Doppler shift, 3 
remanence of permanent magnets, 108 
remanent field of permanent magnets, 108 
resistive wall instability, 140 
retarded time in synchrotron radiation 
calculations, 8 

revolver undulators, 205-206 

scalar potential, 9 
second field integral, 119 
self dispersion generated by an insertion 
device, 181 

shimming of insertion devices, 176-179 
simulated annealing, 175-176, 178 
Smith-Purcell radiation, comparison of 
image charge undulator with, 
208 

soft magnet material, 106 
sorting of magnet blocks, 174-176 
genetic algorithms, 175 
simulated annealing, 175 
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spatial coherence, 79 
spectral, definition of, 24 
squeezable vacuum vessels, 141 
staggered array insertion devices, 204-205 
steel poles, use of, see hybrid insertion 
devices 

Stokes parameters, 92 
stretched wires for magnet measurements, 
165-168 

superconducting magnets, 153-157 
cold bore, 156 

critical surface of materials, 153 
high critical temperature 

ceramic-copper oxides, 154 
multipole wigglers, 156 
niobium-tin, 153 
niobium-titanium, 153 
persistent current operation, 155 
quenching of, 154 
training of, 155 
type I, 153 
type II, 153 
undulators, 156-157 
wavelength shifters, 155 
symmetric insertion devices, 120 
synchrotron, 2 
synchrotron radiation 

computation for arbitrary magnetic 
fields, 86 

computation of, 84-90 
emitted by a 

bending magnet, 16-37 
charged particle, 7 
positron, 7, 208 
proton, 7 
undulator, 52-83 
far field condition, 14 
integrals, 180-183 
multipole wiggler, from a, 42-49 
quantum nature of, 84 
typical emission angle, 4 

taper, deliberately applying a 
longitudinal gap, 139 
tapered undulators, 193-194 
temporal coherence, 79 
tilt sensors for insertion device support 
structures, 139 

training of superconducting magnets, 155 
transverse coherence, 79 
trim coils for adjusting the field integrals, 
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tuning curve of an undulator, 71 
Twiss parameters of an electron beam, 
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adjustable phase, 202-204 
angular flux density, 58-73 
angular spread for a particular 
wavelength, 56 

as a diagnostic for the electron beam, 
90 

asymmetric figure-8, 202 
brightness, 73-79 
coherence of radiation, 79-80 
comparison between theory and 
experiment, 89-90 
computation of output radiation, 85 
concept of, 43 
crossed, 102-104 
crystalline, 208 
detune, 71, 86 

difference between an undulator and a 
multipole wiggler, 57 
effect of the electron beam emittance 
on the output radiation, 86 
effect on the electron beam, see 
electron beam, effect of 
insertion devices on 
effective horizontal and vertical source 
size and divergences, 76 
electric field generated by an electron 
in an, 57 

electromagnetic design of planar, 
144-148 
electrostatic, 207 

equation for wavelength emitted by, 
52-56 

even harmonics, 57-58, 86, 88 
figure-8, 200-202 
first demonstration of, 2 
first proposal of, 2 
flux in the central cone, 67-73 
flux through an aperture, 86 
focussing designs, see focussing 
undulators 

focussing of electron beam, see electron 
beam, focussing due to 
insertion devices 
grating function, 61 
harmonic widths, 55, 61 
harmonics, 57-58 
helical, see helical undulators 
image charge based, 207 
interference condition in, 53 
interference effects comparison with 
diffraction grating, 4, 61 
lineshape function, 61 
longitudinal coherence, 79 
micro-undulators, 206 
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microwave, 208 multiple source points in a, 38 

multiundulators, 205-206 superconducting examples, 155 

near field effects, 81-83 wiggler, see multipole wigglers 

comparison with Fresnel diffraction, wundulators, 43 

82 

computation of, 86 
number of harmonics, 57 
odd harmonics, 57-58 
on-axis angular power density, 69 
on- axis flux density, 67-73 
overview of, 3-6 
peak flux from, 71 
phase error, 172-173 
polarization angle for a planar 
undulator, 73 

pure permanent magnet design, 

113-116 

quasiperiodic, 199-200 
radiation, 52-83 
revolvers, 205-206 
shimming, 176-179 
sorting, 174-176 

genetic algorithms, 175 
simulated annealing, 175 
spatial coherence, 79 
staggered array, 204-205 
superconducting, 156-157 
tapered, 193-194 
temporal coherence, 79 
transverse coherence, 79 
tuning curve for, 71 
unwanted interference effects in, 80 
variable period, 205 
wakefield, 207 

wavelength tuning range, 54, 71 
wavelength variation with observation 
angle, 54 

wavelengths emitted, 52-56 
universal curve for a bending magnet, 30 
unpolarized radiation, 93 
from a multipole wiggler, 96 
generation of, 103 

variable period undulator, 205 
vector potential, 9 

vertical opening angle from a bending 
magnet, 17, 32-33 

vertically integrated flux from a bending 
magnet, 30 

wakefield undulator, 207 
water cooling inside the vacuum system 
to prevent damage, 36 
wavelength shifter, 32, 37-38 

critical photon energy variation in a, 38 




